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Chapter 0 

What Is Algebra About? 


Before al&ebra, we learn now 

TO COMBINE NUMBER BY APWN&, 
SUBTRACTING, MULTIPLYING, ANP 
WIPING ACCORPIN6 TO THE RULES 
OF ARITHMETIC. TO GO ON IN THP6 
BOOK, YOU MUST KNOW ARITHMETIC? 



1 









IF ARITHMETIC if ABOUT 
COMBINING NUMBERS, 
THEN WHAT If AL6-EBRA 
ABOUT? TO ANSWER 
THrS QUESTION, BE&IN 
WITH SOME ORPINARY 
ARITHMETIC PROBLEMS... 
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%m fl§ 

1 ~~3 


ANP REWRITE THOSE PROBLEMS HORIZONTALLY, ALON6 A LINE- 

* fr |) s ^ A ^? 1 

f)fg *§• ^ s 


IN THIS FORM, AN ARITHMETIC PROBLEM IS AN EQUATION, A STATEMENT THAT ONE 
QUANTITY EQUALS ANOTHER, BUT WITH A TWIST ONE SlPE OF THE EQUATION, THE 
ANSWER, is UNKNOWN, at least until we work out the calculation, 


EQUATION, BOTH 
SIPES KNOWN 


ARITHMETIC PROBLEM: 
AN EQUATION WITH 
ONE SlPE UNKNOWN 
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ALGEBRA ALSO INVOLVED EQUATIONS, BUT WITH THIS ONE LITTLE PIFFEREWCE: THE UNKNOWN 
ANSWER-THE 11 WHAT? "-CAN BE ANYWHERE. RATHER THAN SITTING ALONE ON ONE SI PE, THE 
UNKNOWN CAN BE STUCK IN THE MIPST OF THE EQUATION, OFTEN IN MORE THAW OWE PLACE. 
HERE IS AN ALGEBRA PROBLEM: 


_ THE PROBLEM IN WORPS: 

°§sll 'jzsxtxr 

W 1 V V ° ^ U U RESULT IS 11. WHAT IS 

THE NUMBER? 


IN ALGEBRA, WE TREAT 
THAT THING CALLEP 
“WHAT?” AS JUST 
ANOTHER NUMBER, TO 
BE HANPLEP IN THE 
CAME WAY AS YOU 
WOULP TREAT 1 OR 1 
OR 6. (BUT IMSTEAP OF 
"WHAT?/ WE’LL USUALLY 
WRITE * OR y OR 
SOME OTHER LETTER.) 


YOU’RE 

JUGGLING... 

WHAT? 




WE’LL SEE HOW TO MAKE ANP USE MANY COMBINATIONS OF LETTERS ANP NUMBERS, 
COMBINATIONS KNOWN AS ALGEBRAIC EXPRESSIONS. LIKE HUMAN EXPRESSIONS, ALGEBRAIC 
EXPRESSIONS CAN BE SIMPLE OR EXCEEPINGLY COMPLEX. 


A SIMPLE 
EXPRESSION 




B 











IN ALGEBRA, THE EQUATION COMES FIRST. AN EQUATION SAYS THAT ONE EXPRESSION 
EQUALS ANOTHER, THEN WE PUSH ITS EXPRESSIONS AROUND,, 




UNTIL THE ORIGINAL EXPRESSIONS ARE 
COMPLETELY GONE, AMP THE UNKNOWN 
“WHAT?’ OR X APPEARS ALONE ON OWE 
SIPE OF THE EQUATION, ANp WE’RE 
LOOKING AT AN OLP-FASHIONEP 
ARITHMETIC PROBLEM. THAT'S ALGEBRA! 



TO PO ALGEBRA, THEN, WE NEEP TO LEARN HOW TO “MANIPULATE" OR HANPLE EXPRESSIONS. 
THERE ARE RULES FOR POING THIS, JUST AS THERE ARE RULES FOR ARITHMETIC. NOT EVERY 
MANIPULATION IS ALLOWEP! 



WE START WITH THE SIMPLEST EXPRESSIONS OF ALL; 
NUMBERS THEMSELVES. SOME OF THIS MATERIAL MAY 
BE FAMILIAR, BUT SOME MAY BE NEW... 
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Chapter 1 

The Number Line 



UM... 2.014,532,570, 
2,014,532,57?... 


Numbers have many uses, most 
ESPECIALLY COUNTING AMP MEASUREMENT 
COUNTING fS THE MOST NATURAL THINS IN 
THE WORM?: THE NUMBERS 1, 2, 3, 4... CAM 
COUNT ANYTWrM&, LIKE APPLES, ORANSES, 
6RAINS OF SAMP ON THE BEACH... 


SR AIMS OF 
SANP? 


-\ 

I SAIP 

"NATURAL," 

NOT ‘ EASY." 


THAT’S WHY MATHEMATICIANS REFER TO THE NUMBERS 1, 2, 3, ANP SO FORTH AS NATURAL 
NUMBERS, AS IF ANYTHING ELSE WAS, WELL, YOU KNOW, NOT. 



S 






















i’m pREtry sure 

T AMPUTATION IS 
MORE PAINFUL 
THAN FRACTIONS! 

_ J 


-\ 

WHOA? PO 

OARS COME 
WITH THOSE? 

_ J 


BUT NATURAL NUMBER* ARE LESS USEFUL 
WHEN you WANT TO MEASURE INSTEAP OF 
COUNT... MEASURE THE LENGTH OF SOME¬ 
ONE’S FOOT, FOR EXAMPLE. 


you HAVE A CHOICE; EITHER SLICE A LITTLE OFF, OR ACCEPT THE IPEA THAT THERE ARE 
NUMBERS BETWEEN THE WHOLE NUMBERS. FRACTIONS LIKE 1/2 OR 35/e, FOR INSTANCE, 
WOULP BE NUMBERS LIKE THIS. OUR IPEA OF NUMBERS HAP BETTER INCLUPE FRACTIONS! 


IF you SET YOUR FOOT ON A MEASURING STICK MARKEP 
OFF IN SOME UNITS ('INCHES, CENTIMETERS, PICAS, ELLS, 
IT POESN’T MATTER), THE ENp OF yOUR TOE MAy NOT 
LINE UP EXACTLy AT ONE OF THE TICK-MARKS. 



















we FIRST LEARN 
ABOUT FRACTIONS 
AS TARTS’ OF 
THINGS. I n> OF A 
PIZZA IS WHAT yOU 
SET WHEN yOU 
DIVIDE IT INTO 
THREE EQUAL 
PIECES; 2/1 IS 
TWO OF THOSE 
PIECES, ETC, 



THIS LEAVES OPEN THE QUESTION 
OF WHAT A FRACTION "IS," IS IT A 
DIVISION PROBLEM? A NUMBER- 
SLICE? 



f AMP HOW 
C MANY PIECES 
OF PEPPER- 
ONI ARE ON 
A SLICE??? 


FOR THE PURPOSE OF MEASUREMENT, A FRACTION IS JUST ANOTHER POINT ON OUR RULER. 
1/1, FOR INSTANCE, SITS 1/1 OF THE WAY FROM 0 TO t THE FRACTIONS 2/1, 1/1, 4/1, S/1, 
AMU SO ON, ALSO HAVE UEFINITE POSITIONS ON THE RULER, AMU YES, 1/1 - 1, S/1 - 2, ETC,' 




IN OTHER WORDS, A FRACTION IS JUST ANOTHER KIND OF NUMBER, A LENGTH, SOME¬ 
THING TO MEASURE WITH. EVERT FRACTION, EVERY POSSIBLE COMBINATION OF NUMERATOR 
AMU DENOMINATOR, HAS ITS PLACE SOMEWHERE ON THE MEASURING STICK, IF YOU CAN'T 
MEASURE YOUR FOOT WITH FRACTIONS, YOU CAN AT LEAST GET AWFULLY CLOSE? 
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jo IF you tWWINP 
a aoc* pial, 

you cm THINK OF TIME AS 
MEASURED ALOW& A LINE. 




THE PRESENT FOMENT 
(OR ANY OTHER TIME, 
LIKE THE 0E&1MNIN& 

OF A YEAR OR A 
GALEN PAR ERA? IAN BE 
THCWI4T OF AS ZERO. 
EARLIER TIME* ARE 
NEGATIVE, AW LATER 
TIMES ARE POSITIVE. 
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THERE MU5T BE A PL WE ON OUR MENTAL MEASURING «T!£K FOR NEGATIVE NUMBER6. THEIR PL WE 
15 ON THE OTHER 51 PE OF AERO, COUNTING OFF TO THE LEFT. THE NUMBER 0 5EPARATE5 
NEGATIVE5 FROM P05ITIVE5. IMAGINE AN ENPLE55 NUMBER LINE 5TRETCHING OFF IN BOTH 
PIRECTIOM5 (ENPLE55 BECAU5E THERE 15 NO LARGE5T NUMBER?. 



THEN COME5 A 
BAJrLLlON AWp ONE... 


THE LfNE'5 NEGATIVE 
PART LOOK5 EXACTLV 
LIKE THE P05JTIVE 
PART, BUT GOING THE 
OTHER mi. NEGATIVE5 
ARE THE MIRROR 
IMAGES of P05ITIVE5. 





-? 


+ 


-2 -t 



THE NEGATIVE OF A NUMBER /5 IT5 MIRROR 
IMAGE ON THE 0PP05ITE 5IPE OF AERO. IF 
YOU FLIPPEP THE WHOLE LINE AROUNP O, 
EACH NUMBER WDULP LANP ON IT5 NEGATIVE. 



2 2 


THI5 FLIPPING MOVEMENT AL50 5ENP5 EACH 


THE NEGATIVE OF 


' 2 , 


NEGATIVE NUMBER TO THE P05JTIVE 5IPE. 

that’5 wny we 5Ay: THE NEGATIVE OF A 
NEGATIVE 15 POSITIVE, 


FOR IN5TANCE, 15 2, 
WE CAN WRITE THI5 
FACT A5 AN EOLATION 
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THE NUMBER LINE 
H0LP5 ALL POSI¬ 
TIVE AMP NEGATIVE 
WHOLE NUMBERS 
ANp FRACTIONS. 

PO WE NEEP ANT 
OTHER NUMBERS 
BESfPES THESE FOR 
MEASUREMENT? IM 
FACT, WE PO... 



AS VOU MAY KNOW, YOU £AN TURN ANy 
FRACTION INTO A PE£fMAL BY LON& 
WJSIOM. HERE ARE 2/3, 5/3, AMP t/7= 


. 6666 ... 

5 J2. 0000Z 

LI 

20 

10 

20 

11 

20 

ANP SO FORTH. 


.629 

0)5.000 

11 

20 

U 

40 

40 


WHEN PI VI PI N6 ONE WHOLE NUMBER BY ANOTHER, 
THERE ARE ONLY TWO POSSIBILITIES. THE PECIMAL 
EITHER 

TERMINATES /ewps, stops/ as with 
5/0 = 0.625 

or REPEATS A PATTERN emplessly, like 

2/5 * 0 .666666666. 

1/7 = 0.142357 142057 142057.... 


WHY? LOOK AT THE PIVISIOMS ON THE LEFT. IF A 
REMAINPER IS EVER 0, THE PEClMAL TERMINATES. 

IF MOT, WELL... EA£k REMAINPER MUST BE LESS 
THAN THE PIVfSOR, SO THERE «N BE ONLY SO 
MANY POSSIBLE REMAINPER5. AS YOU KEEP PIV1PIN6, 
YOU MUST HIT ONE OF THEM A SEZONP TIME, AT 
WHI/H POINT THE ENTIRE PATTERN MUST REPEAT. 



,1420571420 ... 

7)1.0000000000 

_7 

50 

20 

20 

M 

60 

56 

40 

55 

50 

49 

10 

_7 

50 ANP SO 
FORTH... 


IT SO HAPPENS THAT SOME NUMBERS HAVE AN EX¬ 
PANSION THAT POES NOT ENPLESSLY REPEAT A 
PATTERN. ONE EXAMPLE IS fl, THE SQUARE ROOT 
OF 2. (THIS IS THE NUMBER WHOSE PROPUCT WITH 
ITSELF IS 2. MORE ON THIS LATER0 

V! = 5.41421 55625 75095 04000.... 


ANOTHER 
NON-REPEATER 
IS 77, PI, THE 
PISTAWCE 
AROUNP A 
£IR£LE WITH 
PIAMETER - 1. 



n s 5.14559 2655 5 0 9795 25046... 
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THE*E MOM-REPEATER* ARE CALLED 
IRRATIONAL MUMBER5, AMP THEY 
HAVE THEIR PUCE OM THE NUMBER 
LIME, TOO. 



\ 

GETTING CROWDED 
DOWN THERE-,, 

_ ___ ) 


BY THE WAY, “IRRATIONAL” POE*N’T MEAN 
WA CKY OR UNPREDICTABLE, ALTHOUGH 
*OMETIME* IT MU*T HAVE *EEMEP THAT 
WAY. AT OWE TIME, SQUARE ROOT* U*ED 
TO BE CALLED *‘*URP*/ A* IN AB5URP- 



WHAT IRRATIONAL DOE* MEAN I* THAT THESE 
NUMBER* CAM MEYER BE WRITTEN A* A RATIO 
OF TWO WHOLE NUMBER*-!!! OTHER WORD*, 
A* A FRACTION. CA FRACTION'* DECIMAL 
EXPANSION MU*T TERMINATE OR REPEAT.) 


1.4141135*2373O95O400O1*@@7242O969 
80705*9*7107537*94807317**79737990 

F35O5505 


CLOSE. BUT 




NOT EXACT! 



5799951 
470109559971*05971 
720517419*4000919, 
3O071432145O0397! 
909*0725339*54* 
25035239505474575028775996173. 


2**5 

0571 

2014 

30404 

1407 

0*15 


EVERY MEA5URIN* NUMBER, THEN, I* ONE 
OF TH£*£: 

Integer 

A WHOLE NUMBER, 

positive or m&brm 

Rational 

A NUMBER THAT CAW BE 
WRITTEN A* A FRACTION 

Irrational 

ANYTHING- ELSE 


ALTOGETHER, 

THIS LINE FULL 
OF NUMBER* 

I* CALLED THE 
"REAL" NUMBER*, 
BUT WHETHER 
THEY’RE A* REAL 
A*, *AY, A ROCK 
OR A PIECE OF 
CHEE*E I LEAVE 
FOR YOU TO 
DECIDE,.. 
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Problems 


1, HERE ARE SOME WARM-UP ARITHMETIC PROBLEMS, 
EXPRESS THE RESULTS OF DIVISION AS DECIMALS. 
PONT USE A CALCULATOR!! WE WANT TO STRETCH 
OUR ‘'MATH MUSCLES" HERE! 


a, 24 

d. 19 

g. 1.4142 

+_7 

xj 

x 1.4142 

b. 50 

+35 

e. 5.7 
x _2 

h, 1)50 

C . 1.563 

f. 5.7 

i. 0.2)50 

+ 0.0002 

x .06 

j. 21J W 


2, USE LOWS WVISJON TO AMP THE 
PEClMAL EXPANSION OF EACH FRACTION. 


1 

e* 

5 

r. 

47 

5 


9 


100 

5 

f* 

4 

J- 

22 

5 

11 

23 

47 

g* 

3 

it. 

5 

12 


17 


16 

3 

a. 

3 


4 

0 

100 

25 


3. SOMETIMES WE INDICATE A REPEATING PECIMAL BX WRITING A BAR OVER THE REPEATING PART. 

FOR EXAMPLE,, INSTEAP OF WRITING 

O.OIOIOIOIOIOIOIOIOtOIOtOlOtOIOtOIOIOIOIOIOlOICMOICMOfOICHOIOIOIOtOICilOlOtOlOIOlO. 

WE WRITE 0.01. MUCH SHORTER! USE THIS BAR NOTATION TO WRITE EACH REPEATING PEClMAL 
FROM PROBLEM 1. 


4. CONVERT EACH IMPROPER FRACTION TO A 

"■1 

, 19 

5. EXPRESS 3.514 

MIXEP NUMBER. (AN IMPROPER FRACTION IS A 
FRACTION WHOSE NUMERATOR IS BIGGER THAN 

— 

4 

AS A FRACTION. 


ITS UENOMlNATOR; A MlXEP NUMBER IS AN 
INTEGER PLUS A FRACTION, LIKE 2f. FOR 
EXAMPLE, 5/4 = If) 

17 



6. LOCATE THESE NUMBERS ON THE NUMBER LrNE' 4.51, 

s _ 1c ,i 

f -»•* 


i—i—'—i-i— 1 —i— 1 —i— ' —i — 1 - 1 —i—'—:-1—'—i— 1 —i-1 — 1 - 1 —i— ' —i—i-'—r 

-11 -tO -9 -9 -7 -£ -5-4-3-2 -10 1 2 3 4 5 £ 


GIVEN TWO NUMBERS, THE 
6 RGATER IS THE NUMBER 
LyiNG TO THE RIGHT ON 
THE NUMBER LINE. 


♦ 


THE GREATER 
NUMBER 


i 




7 . WHICH NUMBER IS GREATER? 


fl. 2 OR 3 e. -350 OR 2 

b. 2 OR -3 f , i OR § 

C. -tO R -3 g. 3 .909 OR 3.01 
d. -2 OR 3 h. -y OR -3.25 


9 . WHAT IS -(-f-2))? 
WHAT IS -(-(-(-2)))? 
WHAT IF THERE ARE 20 
MINUS SIGNS IN FRONT 
OF 2? WHAT IF THERE 
ARE 35 MINUS SIGNS? 
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Chapter 2 

Addition and Subtraction 

(With a Parenthetical Aside) 


In OUR EARLIEST MATH 
CLASSES, WE LEARN THAT 
APPING TWO NUMBER* MEAN* 
COMBINING ALL THEIR "ONE*” 
AMP COUNTING WHILE SUB¬ 
TRACTING MEAN* TAJiTM& 

SOME AWAY... 




WHICH I* FINE FOR NATURAL 
NUMBER*, BUT MAYBE MOT 
*0 FINE OTHERWISE. TO PO 
ALGEBRA, YOU’LL HAVE TO 
GET COMPLETELY COMFOR¬ 
TABLE WITH APPING ANP 
SUBTRACTING NEGATIVE 
NUMBERS. 


I HAVE -? 
FEWER APPLE* 
THAN YOU' 


ARE YOU 
BRAGGING OR 
COMPLAINING? 



1 ? 










BEFORE WE GET INTO IT, THOUGH, WE NEEP TO SAY A FEW WORPS ABOUT PARENTHESES 
(CAN'T PO WITHOUT ’EMU, 


IN WRITTEN 
PROSE, PAREN¬ 
THESES INPICATE 
AN ASIPE, SOME¬ 
THING EXTRA-,. 
BUT NOT IN 
MATHEMATICS' 


IN MATH, THEY'RE USEP AS 6ROUPIM6 SYMBOLS THAT TELL US TO THIMHC OF EVERYTHING 
INSIPE THE PARENTHESES AS A SINGLE UNIT OR QUANTITY OR THING. 


PON’T LOOK 
AT ME LIKE 
THAT... I PIPN'T 
PUT ’EM HERE! 

s o2x(? + 4 ) 

MEANS "2 TIMES THE 
QUANTITY ? + A” OR 
2 x 7 s 14 



PARENTHESES SAVE US FROM WRITING 
ANYTHING AS STRANGE. CONFUSING, ANP 
STOMACH-TURNING AS 


•fr 


cn 


JNSTEAP, WE GROUP THINGS TO CLARIFY 
MEANING ANP IMPROVE PlGESTlONf 


“5 PLUS 
NEGATIVE t 


(i 


V- Jm} 




m NAUSEA' 
IT’S GONE.' 
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AMP ONE OTHER THINfe- FROM MERE OM r WE WILL RARELY USE TME SYMBOL X TO MEAN 
"TIMES," AS IN MULTIPLICATION. x LOOKS TOO MUCH LIKE x, ALGEBRA'S FAVORITE LETTER. 



f - 

INSTEAD WELL USUALLY 
INDICATE MULTIPLICATION 
WITH A LITTLE POT, - , 
OR, WHEN WE'RE IN A 
REALLY MINIMAL MOOP, 
JUST BY PUTTIN6 TWO 
NUMBERS SlPE BY SIPE 
AMP USIN& PARENTHESES 
IF THERE’S ANY CHANCE 
OF CONFUSION, LIKE 
THIS-- 


V 





FIRST LET'S 
TALK ABOUT 
APPITION... 

J 


IS 
























START WITH A FRESH LOOK AT SOMETHIN* 
FAMILIAR: APPINS AWP SUBTRACTING POSITIVE 
MUMPERS. WE CAN THINK OF TWO NUMBERS 
AS LENGTHS (2 ANP 5 , IN THIS CASE) SITTING 
OVER THE NUMBER LINE. 




TO THE FAR ENP OF THE FIXER ONE... 



OJ23H5 



TO SUBTRACT THE SMALLER NUMBER FROM 
THE LARGER, I AGAIN LAV THE LENGTHS 
ENP TO ENP'BUT NOW WITH THE SMALLER 
LENGTH INSIDE THE LARGER OWE. 



THE DIFFERENCE IS THAT PART OF THE LARGER 
NUMBER THAT POES N’T OVERLAP. IT’S WHAT'S LEFT 
WHEN VOU TAKE AWAy THE SHORTER LENGTH FROM 
THE LONGER. 


3-2 = 1 


0 12 1 



i- 

0 


1 


-+- 

1 


-f- 

1 


4 
























TO MAKE THI* PICTURE £OV£R ALL REAL NUMBER*, POSITIVE ANP ME&ATlVE, WE WEEP TO THINK OF 
EA£H MUMBER NOT A* A LEN&TH, BUT A* AN ARROW WITH A LENGTH AMD DIRECTION. ON THE 
NUMBER LINE, THI* ARROW POINT* FROM 0 TO THE NUMBER, *0 NEGATIVE NUMBER* HAVE LEFT- 
POINTING ARROW*, WHILE POSITIVE ARROW* PONT Rr&HT. 



H- 

-6 



-5 


-2.63 



-1 0 


3.1416 




ARP TWO POSITIVE NUMBER* A* BEFORE; FIX 
ONE ARROW'* TAIL AT 0 ANP MOVE THE 
OTHER’* TAIL TO THE FIXER ONE’* HEAP- THE 
*UM I* THE PORTION OF THE MOVEP HEAP. 


ADD NEGATIVE NUMBER* TME *AME WAY-. 
H0LPIW6 ONE ARROW FlXEP, MOVE THE OTHER'* 
TAIL TO THE FIXER HEAP AMP REAP THE POR¬ 
TION OF THE MOVEP HEAP- TWO NEGATIVE 
NUMBER*, FOR EXAMPLE, APP LIKE THI*: 


3 + 2 = 5 



\ -1-1- \ -1-I-h 

-10 12 3 4 5 


C-3) + (-2) = -5 


f*— 

< 


1 -h- 

- 1 -i-h- 

-j-h 


-5 -A -3 -1-10 1 


WHEN APPIN6 

PO*iTrVE TO 

NEGATIVE, ^ . 

A6AIN PUT ? + (~Z) ~ 1 

TAIL TO HEAP. 

THE *UM MAX . 

OR NEGATIVE, 
PEPENPJNG 

, N - 4 ON THE 

C + ~ '"1 NUMBER* 

BEING APPEP. 

S t III 1 

i i i a i i k t 

1-*1 - h 1 - l-II - j 

-3-2-1012? 

1 | [ 1 j 1 r 1 

5-9-4-1014? 
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TAKE A CLOSER LOOK AT TNE PICTURE ON p. t7 
OF THE SUM 3 rrs VIRTUALLY the same 

AS THE PICTURE OPPOSITE ON P. 1C, OF THE 
DIFFERENCE 3-1. BOTH TAKE AWAY 2, 

- < - 

- - > 

I-1- 1 -h I-1- 1 - h 

0 12 $ 0 1 t 3 


APPING A NEGATIVE 
NUMBER 14 THE SAME 
AS SUBTRACTING ITS 
"POSITIVE VERSION." 



OKAYYY... THEN 
WHAT WOULD 
3 +(- 4 ) BE? 


ER... 3-4? HOW CAN 
YOU TAKE 4 FROM 3? 



THIS "POSITIVE VERSION’ OF A NUMBER IS CALLED ITS ABSOLUTE VALUE, INDICATED BY 
SURROUNDING THE NUMBER WITH VERTICAL BARS, II, AS IN |-2| - 2. THE ABSOLUTE VALUE 

IS A NUMBER’S {POSITIVE; SIZE, THE LENGTH OF ITS ARROW, ITS DISTANCE FROM 0, A 

POSITIVE NUMBER’S ABSOLUTE VALUE IS ITSELF, AND 101 - 0. 

101 =0 


Ml = 4 

<- > 

\3\ * 3 

% 

-^ 

1 I \ .. 1 

3 1 1 1 1 

-4 -3 -1 A 0 

1113 

12 3 4 


MOW LET’S LOOK AT t-3) + 2 AGAIN. ITS 
PICTURE IS THE NEGATIVE, OR MIRROR 
IMAGE, OF ? + (-2) OR 3-2. 


(-3)+ 2 

3-2 



iii 

i i i i 

I -r- + -1 

3 -2 -1 t 

llll 

>12 3 


TO FIND THIS SUM, THEM, WE FIRST SUBTRACT 
3-1 AND THEM NEGATE THE RESULT- 


(-3) + 2 = -C3-2) 



1 9 































IN TERMS OF ABSOLUTE VALUE, 
MERE ARE STEP-BY-STEP RULES 
FOR APPING ANY TWO NUMBERS, 
WHETHER POSITIVE OR NEGATIVE: 



POSITIVE + POSITIVE 

MOTIVE + NEGATIVE 

APP AS USUAL 

m A&^OLUTE VALUED 
THEM NE&ATE 


POSITIVE + NEGATIVE 


SUBTRACT ABSOLUTELY SMALLER FROM ABSOLUTELY 
LAR&ER. THEN MAKE THE ANSWER'S SIGN THE SAME 
AS THAT OF THE ABSOLUTELY LARGER NUMBER. 


Example 1 . FiNp 4 + (-6). 

4 JS POSITIVE ANP -6 IS NEGATIVE, SO 
WE SUBTRACT ABSOLUTE VALUES. 

6-4 *2 

WE SEE THAT THE NEGATIVE NUMBER, 
- 6 , HAS THE LARGER ABSOLUTE VALUE, 
SO WE MAKE THE ANSWER NEGATIVE. 

4 + (- 6 ) = -2 


Example 2. FINE? (-2) + 9. 

AGAIN WE SEE ONE POSITIVE ANP ONE 
NEGATIVE NUMBER, SO WE PO THE 
SUBTRACTION. 

9-2 = 7 

THIS TIME, THOUGH, THE LARGER ABSOLUTE 
VALUE BELONGS TO 9, THE POSITIVE NUM¬ 
BER. SO WE LEAVE THE ANSWER POSITIVE. 

(- 2 ) + 9 = 7 


_ J 



THE LONGER ARROW 
WrNS THE BATTLE TO 
CONTROL THE SIGN 
OF THE ANSWER-' 
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ANOTHER TO THINK 
OF APPIN6 NEGATIVES IS 
IN TERMS OF MOW£y.~ 
THIS IS HOW THE 
JNPIAN MATHEMATICIAN 
BWASKARA THOUGHT 
ABOUT IT, WHEN HE 
MORE OR LESS 
INVENTEP NEGATIVE 
NUMBERS ABOUT 
1,500 /EARS A60. 


r 



you CAN 

BLAME ME' 


ASSETS, OR MONET ON HANP PLUS MONEy OWEP TO yOU, COUNT AS POSITIVE. PESTS, 
MONEy you OWE TO OTHERS, COUNT AS NEGATIVE. 


'N 


SO... APP TWO ASSETS, SET A BISSER 
ASSET. 


& * *5 


J_* 2+ 


IF you OWE n TO FREP ANP S3 TO FRIEPA, 
yOU OWE A TOTAL OF S5. 


*( -4) + 


IF yOU HAVE $3 IN ASSETS ANP yOU OWE 
a, yOU'RE STILL POSITIVE: you CAN PAy 
OFF VOUR PEBT ANp STILL HAVE fl LEFT. 


*? + *(- 2 ) * 1 1 


IF yOUR ASSETS TOTAL $2 ANP yOU OWE S3, 
you ARE SI SHORT OF BElNS ABLE TO PAy. 
yOU -HAVE" NEGATIVE ONE POLLAR. 


I 


tt + i('3) * *C-1) 
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Subtraction 


SO FAR, WE’VE SEEN SUBTRACTIONS OHL/ OF 
POSlTrVE NUMBERS, ANP THEN ONE/ WHEN 
TAKING A SMALLER NUMBER FROM A LARGER 
ONE. BUT IF WE CAM API? ANT TWO NUMBERS 
WE SHOULP ALSO BE ABLE TO SUBTRACT ANy 
NUMBER FROM ANy OTHER, HERE'S HOW; 



Subtracting a 
number is the 
same as adding 
its negative* 



THIS WAS TRUE WHEN SUBTRACTING A POSITIVE NUMBER FROM A LARGER POSITIVE NUMBER-- 
5 - B » S + (-V- NOW WE SlMPLy DEFINE SUBTRACTION FOR OTHER NUMBERS TO WORK 
IN THE SAME WAV FOR EXAMPLE: 




NOTE ESPECIALLY: SUBTRACTING A NEGATIVE NUMBER 
MEANS APPJNG ITS NEGATIVE, WHICH IS POSITIVE. 


f SUBTRACTING A PEBT 

I MAKES YOU RICHER ! 


RE 


E3 


HI 


REMEMBER, ~(-V*3! 


§ O 


4 




ANP WITH THAT, yOU 
SHOULP BE REApy TO 
SOLVE SOME PRACTICE 
PROBLEMS yOU RS ELF I 
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Problems 


i. po the sums. 

a, M) + e 

b. £-3)+(-5) 
e. 9 + £-3) 

d. 1-14.51 + (-15.6) 

e. \ + (-2) 

2 


2. SUBTRACT. 

a. 10 -f- 9) 

b. 9 - (-10) 

c. (-9)-10 

NOTE THAT IN PROBLEM 
2c, WE COUIV LEAVE 
OUT THE PARENTHESES 
AkP SIMPLY WRITE 

-9-10. 

d. -4-8 


£. 4-0 

f. 1-41-6 

9 7 

o, — - — 

16 12 
h. 6 - 121 

t*. 12-1001 


3. WHAT IS -5 + 3- 6 + 4 + (-2)? 


4- ARE THE SUMS OF THESE PAIRS OF ARROWS POSITIVE OR NEGATIVE? 


a. 


b. 


c. d. 


> 


< 


< - <■ 


5. SUPPOSE VOU’RE TAKIN6 A WALK Ok THE MUMPER LIME. IF yOU START AT 1, THEM WALK 
6 UNITS IM A HE6ATIVE PI RATION, TMEM REVERSE £OURSE AMP WALK 2 UNrTS rk A POSITIVE 
PJRECTION, WHERE WOULP YOU ERP UP? WHERE WOULP THE SAME WALK EkP fF yOU HAP 
STARTEP AT -200 INSTEAP OF 3? 



6. B0Y6E HAS *5 Ik HIS PO£KET. HE 
BORROWS #10 FROM HIS FRIEMP 
FRAW£JkE. THEN HE LOSES #9 OM 
A STUPIP BET ABOUT THE 
OUTCOME OF A 
S£HOOL ELECTION, 

WHAT IS BOTCE’S 
MET FINANCIAL 
POSITION AT 
THE EMP? 



7 JESSftA OWES #5 TO ANGELA AMP #2 TO 
BARBARA. JESSICA HAS #20 OM HANP. 


a. WHAT IS JESSY’S MET WORTH 
(THE SUM OF EVERyTHIMfr, £0UkTJW6 
PEBTS AS kE&ATIVE). 

b. MOW ANGELA “FORGIVES* #3 OF 
JESSIES PEBT, r.E., £AH£ELS IT SO 
THAT JESSl£A MO LOk&ER HAS TO 
PAy THE #1. WRITE THIS AS A SUB¬ 
TRACTER OF A RELATIVE NUMBER. 

C. WHAT IS JESSl£A’S MET FINANCIAL 
POSITION AT THE EkP? 
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Chapter 3 

Multiplication and Division 



In mjm&tc. we 

IE ARK THAT MULTIPLI¬ 
CATION 15 REPEATED 
APPITfOM, 

4x3 * 

3 + 3 + 3 + 3 

IF THAT'5 TRUE, 

THEM WHAT POE5 IT 
MEAM TO MULTIPLY 
BY A HE6ATIVE 
HUMBER? REPEATED 
5UBTRAaiOM? 


5UBTRACTIOM 
FROM WHAT? 
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TO SEE HOW THIS WORKS, WE 
STAy WITH BHASKARA A BrT 
LONGER ANP THINK IN TERMS 
OF MONET. POSITIVE MONEy 
SITS ABOVE A HORIZONTAL LINE, 
NEGATIVE MONEy BELOW IT, 




ASSETS 


0 


LIABILITIES 


Ik REAL LIFE, yOUR MONEy MAy CHAN&E PAy By PA'/„, AMP TIM CAN ALSO BE POSITIVE OR 
NEGATIVE. TOPAy IS THE ZERO POINT; yESTERPAy IS -1; TOMORROW Hi AMP SO Ok, SO 
THAT THE HORIZONTAL LINE BECOMES A TIME LINE. ON ANT PAy, yOUR ASSETS ANP PEBTS 
APPEAR AS A STACK OF COINS STRAPPLIM6 THE LINE, ASSETS ABOVE ANP PEBTS BELOW. THE 
STACK AT EACH PAV SHOWS YOUR FINANCIAL POSITION THAT PAV. FOR INSTANCE, ON PAy 4 
yOU OWE B COINS AMP HAVE 14 COINS IN ASSETS. 



-4 -3 -2-10 t 2 3 4 

pav number 
















NOW LET'S MULTIPLE MONEY BY TIME. SUPPOSE CELIA WAS BEEN BETTI NS J2 EVERY PAY 
FOR A LONS TIME fBETTINS BORROWED MONEY IF SHE’S "IN THE HOLE," f.E., BELOW 
2EROJ. AMP SUPPOSE THAT TOPAY, AT TIME 0, SHE HAS *0. 


PLUS x PLUS 


MINUS x PLUS 


IF CELIA WINS J2 EVERY PAY FROM NOW 
ON, THEN ON PAY 3 SHE WILL HAVE U>- 

3Xt p 6 


IF SHE HAS BEEN WINNING 52 PAILY, THEN 
THREE PAYS ASO, ON PAY SHE MUST 
HAVE HAP TO REACH #0 TOPAY, 



PLUS x MINUS 



C-*)x2 * -6 

-t '1 o 




WINNING MAKES 
PEBT SMALLER. 


MINUS x MINUS 


IF SHE LOSES *1 PAILY, ON PAY 3 SHE 
WILL HAVE 


IF SHE HAS BEEN LOSING 52 PAILY, ON 
PAY -3 SHE HAP U. 


3 * (- 2 ) * -i 
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TO SUMMARIZE, HERE IS A 
LITTLE TABLE SHOWING THE 

SIGN RULE FOR MULTI- 
PJ-yiN* POSITIVE AND 
NEGATIVE NUMBERS; 


+ 



Examples: 5x(.« 



POSITIVE ■ POSITIVE 
NEGATIVE ■ POSITIVE 
POSITIVE ■ NEGATIVE 
NEGATIVE ■ NEGATIVE 


POSITIVE 

NEGATIVE 

NEGATIVE 

POSITIVE 


-10, C-^K'7) - 2,1, C-4)x4»-U 


ANOTHER WAy TO 
PUT IT: MULTlPLyiNG 
BY A POSITIVE 
HUMBER LEAVES THE 
OTHER NUMBER’S 
SIGN UNOIANGEP. 
MULTIPLYING By A 
NEGATIVE NUMBER 
REVERSES THE SIGN. 


multiplying by 6 gives an answer with the SAME sign 

AS -2; MULTIPLYING BY -2 AJVES AN ANSWER WJTH SIAN 
OPPOSITE FROM THAT OF (s. 


WHEN ONE OF THE 
NEGATIVE NUMBERS IS 
-t, THE RULE SAyS: 
MVLTlPLy By 1 ANP 
CHANGE THE SIAN OF 
THE OTHER FACTOR. 
MULTIPLYING BY -I 
IS THE SAME AS 
TAKING A NUMBER’S 
NEGATIVE- 


HIH) § 


ISN’T THIS 
ONE CUTE? 

■~r— 
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Multiplication Without Money 


HERE ME THREE ROWS 
OF TWO SQUARES 
EACH. THAT’S THREE 
TWOS, OR 3x2.. THE 
PRODUCT of two 
NUMBERS (THE RESULT 
OF MULTIPLYING THEM 
TOGETHER) LOOKS 
LIKE A J7ECTAN6LE; 
EACH SIUE IS OWE OF 
THE NUMBERS. 


EACH SMALL SQUARE IS 1 UNIT ON EACH SlPE, 
ANp THE GRAY RECTANGLE’S AREA IS THE 
MUMSGR OF UNIT SQUARES IT CONTAINS, 
THE UNIT SQUARE, WHICH CONTAINS EXACTLY 
OWE OF ITSELF, HAS AREA = 1. 


THIS WORKS EVEN IF THE SIRES AREN’T 
WHOLE NUMBERS. HERE THE GRAY RECTANGLE 
HAS SIPES OF LENGTH j AMP (WEVE 
ENLARGE? THE UNIT SQUARE HEREJ 


yOU CAN SEE THAT SIX OF THE GRAY RECTANGLES 
FIT TOGETHER EXACTLY TO MAKE A UNIT SQUARE, 
SO ONE GRAY RECTANGLE S AREA IS ^, THE 
PftOWCT OF { ANp 


1 

1 

* 


0 


0 


1 



tij 
3 2 ~ 6 


HERE IS THE PROPUCT OF MORE COMPLICATE? 
FRACTIONS, (5/3MS/2). THE UNIT SQUARE rS 
OUTLINE? IN BLACK. 



<f $ 25 EACH SMALL RECTANGLE 

* * T - ~T IS 1/C, ANP THERE ARE 

* ^ 6 SxS * iS OF THEM. 


THE PICTURE IS 600P NO MATTER WHAT THE 
SIPES; A RECTANGLE’S AREA IS THE PROPUCT 
OF THE LENGTHS OF THE TWO SIPES. 


11.42 


4.39 


AREA* 
11.42 x 4.?9 

74.2510 
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we com go on here awe? praw 

RECTANGLES WITH NEGATIVE SIPES, 
BUT IT’S REALLY WOT WORTH IT. 

^_ INSTEAD I’D LIKE TO 

~^ SHOW YOU ANOTHER 

PICTURE OF MULTI- 
PLICATION THAT YOU 
WONT SEE IN 
REGULAR ALGEBRA 
_ TEXTBOOKS... 



r a 

THIS PICTURE SHOWS MULTIPLICATION IN TERMS OF “SCALING," WHICH IS LIKE ENLARGING OR 
REDUCING A PHOTOGRAPH. ONLY INSTEAP OF A PHOTO, WE’LL CHANGE THE SCALE OF THE 

ENTIRE NUMBER LINE. 

IMAGINE TWO NUMBER LINES, ONE OF WHICH TO FlNp THE PROPUCT OF 2 TIMES ANY NUMBER, 

IS STRETCHER OUTWARD FROM O UNTIL ALL JUST LOOK DIRECTLY BELOW THAT NUMBER- 

LENGTHS ARE POUBLEP. HERE IT’S THE UPPER. 




THIS IS COOL, BECAUSE INSTEAP OF SNOWING A 
SINGLE PROPUCT, LIKE 2x3, THE PICTURE SHOWS 
YOU THE PROPUCT OF 2 TIMES EVERYTHING! 


WE CAN ALSO SCALE THE LINE DOWN TO 
MULTIPLY BY A NUMBER BETWEEN 0 ANP 1. 
MULTIPLICATION BY 1/2 SQUEEZES THE LINE 
UNTIL ALL LENGTHS ARE HALVED 



-A -5 -A -? -2-10 1 1 1 A 5 i 



■h 


|x<-3> 


i 

t 




{ X A ' 1 


YOU'll WAVE AKI OPPORTUNITY TO PLAy WlTW 

rm picture m the problem $et at the 

£NP OF m CHAPTER. 


J 
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Division 

PIVIPlMG SOMETHING- *y A POSITIVE WHOLE MUMPER MEANS BREAKING THE THING- INTO 
SO MANY EQUAL. PARTS ANP MEASURING THE SIZE OF ONE PART. HERE, FOR INSTANCE, 
IS A PICTURE OF G-2, 


THE SIX UNITS ARE SPLIT 
OR, YES, PIVIPEP, INTO TWO 
EQUAL GROUPS, ANP WE 
SEE THAT EAGH G-ROUP IS 
THREE UNITS. G*2 - 3 


HERE’S ANOTHER WAY OF SEEING, THE SAME THING,. NO MATTER WHlGH WAY YOU GUT IT IN 
TWO EQUAL PARTS, THE STUFF IN ANY ONE PART AMOUNTS TO 3, 


THE PICTURE ALSO SHOWS THAT PIVIPING, BY 2 IS FOR THIS REASON, WE RARELY 

THE SAME AS MULTIPLYING BY WRITE THE PIVISION SYMBOL + 

IN ALGEBRA. rNSTEAP, WE USE 

I-1--1-1-1-1 A FRAGTION BAR, EITHER 

HORIZONTAL f- ) OR TILTEP 

( / ). IT'S ALL THE SAME' 

G/2, 6 HALVES’ 
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THE NUMBERS t AMP { ARE SAIP TO BE RECIPROCAL TO EACH OTHER. THI5 MEANS THAT 
THEIR PRODUCT EQUALS I. AMY PAIR OF MUMPERS WHOSE PROPI)CT IS 1 ARE CALLEP EACH 
OTHER'S RECIPROCAL, h AMP 1/S, 1,000 AMP 1/1,000, 1,1 Ml AMP 1 /( 32 . 442 ). 



^SlVEW ANY MUMPER OTHER 
THAW ZERO, YOU CAM FlMP ITS 
RECIPROCAL BY LOWS PIVlSlOM 
OR OW A CALCULATOR. OMLY 
ZERO HAS MO RECIPROCAL, 
BECAUSE 0 x AWYTHIMS - 0. 
THERE’S MO MUMPER THAT 
MAKES THIS EQUATION WORK; 

0 X WHAT? * 1 

EVERY NUMBER OTHER THAW 
0 HAS A RECIPROCAL. 


V. 



AS FAR AS WE'RE co mcernep, PI VISION 0Y ANY MUMPER IS THE SAME AS MULTI' 
PLICATION PY ITS RECIPROCAL. PiViSlOW BY ZERO IS NEVER ALLOWEP. 




W 




































WE SAW THAT \ HAS THE 
RECIPROCAL 2, OR 2/1 1 
WHICH IS 5 TURNED 
UPSIDE DOWN. Ik THE 
SAME WA/, yOU CAN FI UP 
THE RECIPROCAL OF AHV 
FRACTION SlMPLy By 
TURMIW 6 IT OVER. 



WELL, 

ALMOST... 


TURNING OVER, OR INVERTING, A FRACTION MEANS EXCHAM&IN 6 ITS TOP-THE NUMERATOR- 
WITH ITS BOTTOM—THE PGNOMINATOJMO MAKE A NEW FRACTION CALLER ITS INVERSE- 
| BECOMES f- TURNING IT OVER TWICE, OF COURSE, RESTORES THE ORDINAL FRACTION, SO 
REALLy THE PAIR ARE INVERSE TO EACH OTHER. 



A PAIR OF 

INVERSE 

FRACTIONS. 


HOW Aky PAIR OF INVERSES ARE, Ik FACT, EACH OTHER’S RECIPROCALS. VOU CAk SEE THIS 
@y MULTlPLyiNC. THEM TOGETHER. THE PRODUCT’S NUMERATOR AND DENOMINATOR ARE 
EQUAL, SO THE PRODUCT - 1. 
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MOW WE CAN MAKE SOME SENSE OF 
THAT STRANGE RULE FOR PI VI PING BY A 
FRACTION; "INVERT AMP MULTIPLY/ FOR 
US, PIVISION MEANS MULTIPLYING BY 
THE RECIPROCAL, AMP A FRACTION'S 
RECIPROCAL IS ITS INVERSE. 



THIS HANPY RULE SAVES US FROM 
TRYING TO UMPERSTANP PlVlSlON IN 
TERMS OF SPLITTING SOMETHING UP. 
THAT’S FINE FOR (WIPING BY POSITIVE 
WHOLE NUMBERS, BUT HOW WOULP YOU 
"PIVIPE* SOMETHING INTO, SAY, 54/17 
EOUAL PARTS? 



ANSWER; DON’T WORRY ABOUT IT? 

SIMPLY MULTIPLY BY THE RECIPROCAL. 


-\ 

BY THE WAY, WHY PIP 
YOU INVITE 54/17 
PEOPLE TO THIS PARTY 
IN THE FIRST PLACE? 


SOME OF THE 
PLATES WERE 
BROKEN... 



IN THE PROBLEMS 
AT THE ENP OF 
THIS CHAPTER, 

I’LL SHOW YOU 
ANOTHER WAY TO 
THINK OF PIVIPING 
BY A FRACTION. 
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Negative Fractions and Reciprocals 


ON P. U, WE SAW THAT MULTIPLICATION 
BY -1 NEGATES ANy NUMBER, AMP THAT 
INCLUPES -I ITSELF: (-W-1) * 1. IN 
OTHER WORPS, -i IS ITS OWN RECIPROCAL! 



NOW LET'S TR/ WIPING ANy OlP 
POSITIVE NUMBER By A NEGATIVE 
NUMBER, SAy ?/(-4). 



LOCATING -f ON THE NUMBER LINE, WE 
SEE IT'S AN ORPINARy NEGATIVE NUMBER. 

3 

~A 


f 



IT’S ALSO EAST TO SHOW THAT (-3V4 - 

\ ___ -J 


THIS SHOWS THAT NEGATIVE PIVIPEP By 
POSITIVE, OR VICE VERSA, IS NEGATIVE- 
IT’S ALSO TRUE THAT NEGATIVE *■ NEGATIVE 
IS POSITIVE, BECAUSE 

-2 M)x2 ,4 w2« 2 

-7 ^ M)*7 ^ 1 -1 ^ 7 ^ * 7 

/ / 

ANYTHING OVER A POSITIVE 

ITSELF IS I. NUMBER 


IN OTHER WORPS, THE SIGN RULES FOR 
piVlSlON ARE THE SAME AS FOR 
MULTIPLICATION. 


POSITIVE 

NEGATIVE 


NEGATIVE 

POSITIVE 


* NEGATIVE 


. positive 

NEGATIVE POSITIVE 


IN PARTICULAR. THE RECIP- 
ROCAL OF A NEGATIVE 
NUMBER MUST BE NEGA¬ 
TIVE, ANP A NEGATIVE 
FRACTION’S RECIPROCAL IS 
ITS INVERSE, STILL WITH 
THE MINUS SIGN ATTACHEP. 





NOW LET’S SOLVE 
SOME PROBLEMS! 

















Problems 


1. MULTIPLE. 

a. 9 x (-3) 

b. (-1X-2) 

tf. (-2X-3X-4) 

* (f)(4) 

«■ (~)C90) 


* 4k-|) 

g. {-1X6 +3) 
(REMEMBER: po THE 
SUM JMSIPE THE 
PARENTHESES FIRST-} 

h. (-1X2 - 4) 

t. 0 X ('£>.3569) 


1. WIPE. 

a. 19 n-V> 

b. '-™ 

-4 



, -9,907.09 

a. ---- 


3 . WHAT IS THE RENFRO- 
CAL OP -2? OP -j? 
POES 0 HAVE A RECIP¬ 
ROCAL? 

4. WHAT 19 (|)(|)(50)? 

5. (Z)(i)(-3i) = ? 

V r 


6, HERE ARE TWO NUMBER LINES 
CENTERSP AT 0, THE UPPER LINE 
BEING SCALE? UP BV A FACTOR OF 5. 

-2-10 1 2 


1 1 1 1 1 1 1 1 1 1 1 1 1 

-A -9 -4 -2 -2 -1 0 t 2 3 4 5 A 


<3f, WHAT NUMBER ON THE LOWER LINE 
BELOW THE UPPER LINE'S t? 

b, ON THE UPPER LINE, \ 15 ABOVE WHAT 
ON THE LOWER LfNE? 


7. PRAW A PICTURE OF AW UPPER LINE 5CALEP 
By 2/5 ANP AN UN5CALEP LINE BELOW WITH THE 
ZER0E5 UNEP UP. WHERE ON THE UPPER LINE (5 
9/2? 

0. IF you SCALE THE UPPER LINE By ANy 
NUMBER, WHERE 15 THAT NUMBER ON THE LOWER 
LINE, RELATIVE TO THE UPPER LINE? WHERE 15 
THE NUMBER’S RECIPROCAL ON THE UPPER LINE? 

9. WHAT VO you 5UPF05E THI5 PICTURE MIGHT 
LOOK LIKE WHEN MULTIPL/ING By -1? 


10 . 4UPPOSE WE HAVE A CAKE AN I? l\ PLATE4. WHAT HAPPEN 5 WHEN WE PI VI PE THE CAKE By 2^? 


WELL, = 5/2, 50, BUNPLT FOL¬ 
LOWING THE RULE5, WE INVERT THIS TO 
2/5 ANP MULTIPLy By OUR ONE CAKE. 



WE GET AN ANSWER OF 2/5 CAKE. TO 
SERVE THE CAKE, WE CUT JT INTO FIFTHS. 



WE CAN THEN PUT 2 FIFTHS ON EACH WHOLE PLATE, 
ANP THE REMAINING 1 ON THE HALF PLATE. 



VOILA' THE CAKE IS IN FACT PIVIPEP INTO l\ PARTS' 
A “PART," OR 1 4- 2| * 2/5, IS THE AMOUNT THAT 
EMPS UP ON EACH WHOLE PLATE. HALF A PART GOES 
ON THE HALF-PLATE. 

NOW SUPPOSE WE HAP l\ PLATES. POES A SIMILAR 
TRICK WORK? (NOW WE ARE PIVIPING By 7/5-1 HOW 
ABOUT 2f? lOf ? 
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Chapter 4 

Expressions and Variables 


In math, the mt of poine. 

AM APPmON, SUBTRACTION, 
MULTIPLICATION, OR THE LIKE 
IS KNOWN AS "PERFORMING 
AM OPERATION," AS IF THE 
POOR NUMBERS WERE HAVING 
SURGERY 



IN THIS CHAPTER, WE PUT MULTIPLE OPERATIONS TOGETHER TO FORM EXPRESSIONS... AMP 
THESE EXPRESSIONS WILL INCLUPE NOT ONLy NUMBERS BUT ALSO LETTERS OR ‘VARIABLES,’ 
WHATEVER THAT MEANS. By CHAPTER'S ENP, yOUU BE OPERATING ON THINGS THAT LOOK 
LIKE THIS: 



COULP BE 
SERIOUS 




WE’LL TRy TO KEEP THE 
BLEEPING TO A MINIMUM. 
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FIRST THE "rNSWES”: 


r 

you KNOW WHAT THE 
PARENTHESES MEAN: PO 
THE OPERATION IWSIPE 
THE PAREWTHESES'THE 
MULTIPLICATIONS IN THIS 
CASE'BEFQRE POIM6 THE 
APPlTlON OUTSrPE. POm 
THE ARITHMETIC &IVES THE 
EXPRESSION'S VALUE. 


5 x ? = 15 
2x4 * 9 


THEN TUG ACTION: 

15 + 9 * 2? 



THE PLACEMENT OF PARENTHESES MATTERS. WE 6ET A DIFFERENT VALUE IF OPERATIONS bO 
IN A PIFFERENT OR PER: 




(5x3) + (2x4) = 19 + 0 -2? 
5x(3 + 2)x4 - 5x5x4 * IOO 



J SAME 

MUMPERS: 
5AME OF- 
ERATfOW^ 
PfFFERGMT 
OTO! 

V J 


Ik TUI5 WAV, MTH 15 LIKE THE RE5T OF TNG WORU?: OUTCOME OFTGM PEPEkP OM WHAT 
60E5 FIR5T. 


HOW AWWV TIME* 
PO I HAVE TO 5AV 
IT-- FIRST £UT P 
THEM $TJT£H" 































r»K ftL I I pf\ /j n I / MIp/w I rN v C 

THAT TOO WAhjy SETS OF 




THE IPEA IS TO BE a EAR WITH AS FEW PARENTHESES AS POSSIBLE... SO THE MATH WORLP 
HAS A&REEP ON A WAY TO SHEP THEM. CALL IT THE ORDER OF OPERATIONS RULE: 



Examples: 

1* EVALUATE (FIND THE VALUE OF) 1 - 2 3 

SOLUTION: NO PARENTHESES ARE PRESENT, SO PO THE MULTIPLICATION FIRST: 23 - 6. 
THEN SUBTRACT, 1 - i s -5 


2* EVALUATE 1 - 

-2 


SOLUTION: PIVISION COMES FIRST. 4/C-2) = -2. THEN SUBTRACT. 1 - (-2) » 3. 

3. EVALUATE 3(4/6 + 27). 

SOLUTION: WHEN PARENTHESES ARE PRESENT, WE MUST EVALUATE THE INSIPE EXPRESSION 
FIRST! THAT EXPRESSION HAS BOTH APPITION ANP MULTIPLICATION/DIVISION. WE PO THE 
MULTIPLICATION ANP PIVISION FIRST. 4/6 * 2/3 ANP 27 = 14. NEXT APR: 14 + | = 
44/3. NOW THAT THE INSIPE QUANTITY HAS BEEN FOUNP, MULTIPLE IT B/ 3. 

3(44/3) * 44 
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NOW LET'S SET 



THIS PASE, REAPER, MARKS THE PLACE 


WHERE WE CROSS FROM THE CLP, 
FAMILIAR 6ROUNP OF ARITHMETIC TO 



THE CHANGE BESlNS WITH A QUESTION ABOUT OUR BOOKCASE: CAN WE WRITE AN 
EXPRESSION FOR THE TOTAL LEN6TH OF ALL BOARPS OF A 4-FOOT-TALL BOOKCASE 
WITH 5 SHELVES OF AW l£N&T|4? 


OF COURSE WE CAW' IF WE WRITE "LENGTH" FOR 
THE LENGTH OF A SIMPLE SHELF-WHATEVER IT 
IS-THEN THE S-SHELF UNIT, INC LUPINS ITS SIPES, 
HAS A TOTAL BOAR 17 LENGTH OF 





IT'S NOT A NUMBER, BUT 
RATHER A FORMULA FOR FIMPINS 
A NUMBER, &IVEN ANV SHELF LENSTH 


















THE WORP “LENGTH’ 

IN THE EXPRE44rON 
5 x LENGTH + 1x4 14 
aiLEP A VARIABLE, 
BECAUSE IT 4TANP4 IN 
FOR ALL THE VARIOUS 
LENGTH4 THAT A 
4HELF MIGHT HAVE. 


m omi 

WE GET IT/ 
—! 1- 


LIKE 3 OR 4.1 OR 
9.12447 OR 9.12440 
OR 4.10104 OR... 


WE COULP 
AL40 VAfty THE 
HEIGHT OF 
THE B00KCA4E, 
RATHER THAN 
KEEPING IT 
4 FEET. THEN 
THE TOTAL 
BOARP LENGTH 
HA4 THI4 
EXPRE44ION: 


‘?xL£U6W + txm£UT 


the NUMBER OF SHELVES COULP 
AL40 VARy. WRITING ‘'NUMBER" FOR 
THE NUMBER OF 4HELVE4 GIVE4 
THI4 EXPRE44IOM 

NUMBER xLENGTH 
+ IxHEIMT 

FOR THE TOTAL LENGTH OF ALL 
THE BOARPS. 


THE W0RP4 “NUMBER," “LENGTH," ANp "HEIGHT" ARE ALL VARIABLE4. AN EXPRE44ION 14 
CALLED ALGEBRAIC rF IT C0NTAIN4 ONE OR MORE VARIABLES. 



IT’4 AN ALGEBRAIC 
CA4E-IT C0NTA1N4 
VARIABLE4! 
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THE VARIABLE NAMES 
WE’VE JUST SEEN, LIKE 
"LENGTH/ ARE ENTIRE 
WORPS, A KIP IN SOME 
FIELP5- PEOPLE WRITE 
VARIABLES OUT IN FULL 
THAT WAV. COMPUTER 
PROGRAMMERS, FOR 
INSTANCE, APORE LONG 
VARIABLE NAMES FOR 
REASONS OF THEIR OWN. 
HERE’S A SAMPLE. 


PROCEDURE Rea dSc hedCI rArgs( 

VAR StartDay, EndDay: DayType; 

VAR StartHour, End Hour: HourType; 

VAR Error: boolean); 

VAR InputHour: integer; 

FUNCTION MapTo24(Hour: integer): HourType; 
CONST 

{AM/PM time cut-off.} 

LastPM = 5; 

BEGIN 

IF Hour O LastPM THEN 
MapTo24 := Hour + 12 
ELSE 

MapTo24 := Hour 
END; 


IN ALGEBRA, THOUGH, WE NEARLy ALWAVS ABBREVIATE VARIABLES TO SINGLE LETTERS, 
THAT'S BECAUSE WE’LL HAVE TO WRITE OUR VARIABLES OVER ANP OVER AS WE PUSH 
EXPRESSIONS AROUNP. WE WANT SOMETHING SHORT. ALGEBRA IS LUTE TEXTING) 



HERE’S WHAT HAPPENS TO 
OUR BOOKCASE EXPRESSIONS, 
NOTE ALSO THAT ALL MULTI¬ 
PLICATION SIGNS HAVE COM- 
PLETELV VANISHEP ALONG 
WITH THE EXTRA LETTERS. IN 
ALGEBRA, MULTIPLICATION 
IS SHOWN SIMPLY BY 
PUTTING TWO FACTORS 
SIPE BY SIPE- 

I_ 


5t + 8 
5L + 2W 
nL + 2M 



J 
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More Examples 


if you Move at a stem* speep of bo miles 

PER HOUR, THEN IN t HOURS YOU TRAVEL A 
PITTANCE OF 


A REZTAN£,L£'S AREA IS THE PROPUCT OF THE 
HEIGHT A ANP ITS WfPTH w. AREA - hw. 


60t MILES 



ITS PERIMETER 
IS THE TOTAL 
PISTANZE AROUNP 
THE REZTAN&LE, 
THE SUM OF ALL 
ITS SIPES, you 
ZOULP WRITE 
THIS AS EITHER 




h 


w 


1 ft + lw (ROUBLE ea^h sipe, then app) or 

2(h + w) (APP HEI6HT TO WIPTH, THEN ROUBLE) 


WHERE I live, THE SALES TAX RATE IS 0% 
(THAT’S 0/1OO * .00), IF AN ITEM IS MARKER 
WITH A PRIZE p, THEN THE SALES TAX IS -08p. 
THE PRIZE I aztually pay is the marker prize 


IF YOU PLAN TO WALK 100 MILES, ANP YOU’VE 
ALREADY ZOVEREP X OF THEM, THEN THE 
PlSTANZE STILL TO GO IS 



YOU REAP ALSEBRAlZ EXPRESSIONS MUZH AS YOU REAP TEXT MESSAGES’ ONE LETTER, NUMBER, 
OR SYMBOL AT A TIME-EXZEPT THAT PARENTHESES INPIZATE SROU PIN&. WHATEVER IS INSIPE 
PARENTHESES IS ZALLEP A '‘QUANTITY.- 


EXPRESSION HOW TO SAY IT 
a + x “AY PLUS EX" 

Sy “FIVE WYE’ 

— "EX OVER TWO" 

1 

-a “WE&ATIVE AY" 

Sf + 1 “FIVE TEE PLUS ONE’ 

S(X + 1) “FIVE TIMES THE 

QUANTITY EX PLUS ONE : 


MEANING 

THE SUM OF TWO NUMBERS 
FIVE TIMES A NUMBER 

HALF A NUMBER 

THE NE&ATIVE OF A NUMBER 

ONE MORE THAN FIVE TIMES A NUMBER 

FIVE TIMES THE SUM OF A NUMBER ANP ONE 
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EVALUATING EXPRESSIONS 

UNLIKE A NUMERIC EXPRESSION, AN ALSEBRAIC EXPRESSION MAS NO DEFINITE VALUE- 5L + 9 
ISN’T A NUMBER. INSTEAD IT’S A SORT OF RECIPE PESCRlBlNS EXACTLY HOW TO CALCULATE A 
NUMBER FOR EACH VALUE OF L. 


1 3 



TO FINP THE VALUE OF 5L + 8 FOR SOME VALUE OF L, YOU SUBSTITUTE (OR “PLUS IN") THAT 
NUMBER FOR i- ANP THEN PO THE ARITHMETIC AS SHOWN HERE- THIS IS CALLEP EVALUATING 
THE EXPRESSION FOR A PARTICULAR VALUE OF THE VARIABLE- 


Evaluation Example 1* 

EVALUATE p + .08p WHEN p = 50. 

STEP 1. PLUS- IN 50 WHEREVER YOU SEE 
p TO SET THE NUMERICAL EXPRESSION 

50 + (.00X50) 

STEP Z. PO THE ARITHMETIC. 

50 + (.00X50) = 50 + 4 

-54 

WE CAN ALSO EVALUATE EXPRESSIONS 
OF MORE THAN ONE VARIABLE, SIVEN 
VALUES FOR THOSE VARIABLES. 


Evaluation Example 2. evaluate 

2(h + w ) WHEN h = 3 ANp w = 7. 

STEP 1. PLUS IN THE VALUES TO SET 
2(3 + 7) 

STEP 1, PO THE ARITHMETIC. 

2(3 + 7) = 2 x 10 = %Q 
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SPEAKING “VAMABLESE” 


LEARWIW6 TO USE VARIABLES IS LIKE 
PICKING UP A NEW LAN6UA6-E. AT 
FIRST, EVERYTHIN& LOOKS STRANGE, 
BUT IM TIME THINGS BE6IM TO MAKE 
SENSE. 



WHY LEARN THIS LAN&UAfi-E? IN THE FIRST PLACE, VARIABLES ARE A EU6E HELP IN WRITING 
CLEAR MATHEMATICAL STATEMENTS. IN THE PRE-VARIABLE ERA (ROU6HLY THE YEARS BEFORE 
VOO), PEOPLE USEP TO CALL AN UNKNOWN OR UNSPEClFlEP QUANTITY THE "THIN6” ANP 
SAY STUFF LIKE THIS; 



APP SIX TO WfM, POUBLE THE RESULT, ANP 
SUBTRACT IT FROM FIVE TIMES W ( FORSOOTH, 
ANP SITTEST THOU UP STRAIGHT. 




































IN THOSE EARL/ PAYS, NOT EVERYONE 
LIKEP HOW THE LITTLE LETTERS LOOKED 



"A scab of symbols as if a ben bad 
been scratching there... they ought 
no more to appear in public, than 
the most deformed necessary 
business which you do in your 
chambers.” 



BUT TO MOST MATHEMATICIANS, LETTER VARIABLES WERE A 61 FT. A NEW TOY TOO PRECIOUS 
TO RESIST, AMP HIGHLY USEFUL, TOO. “SYNCOPATE?” ft* ‘'SHORTENED) ALGEBRA OPENEP 
UP ALL THE BEAUTIFUL MATH AMP SCIENCE THAT FOLLOWED.. 


ANALYTIC GEOMETRY! CALCULUS! 
VECTOR SPACES' NUMBER THEORY! 
MEASURE THEORY! COMPLEX ANALYSIS' 
ALGEBRAIC TOPOLOGY! NETWORK 
THEORY! SYMBOLIC LOGIC! CELESTIAL 
MECHANICS' ELECTROMAGNETIC 
THEORY! SIGNAL ANALYSIS! 



c> 


THIS MOPERN MATH MAPE THE MOPERN WORLP. 
TRULY, WITHOUT ALGEBRA. WE WOULP HAVE NO 
ELECTRICITY, RAPIO, TV, PHONES, MUSIC PLAYERS, 
COMPUTERS, AIRPLANES, MEPICAL IMAGING 
MACHINES, REFRIGERATORS, ROBOTS, ROCKETS... 


A POX ON 
THE LOT 
OF IT! 
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THANKS, 

<*UYS! 


LET'6 PO A LITTLE WARM-UP EXEROSE WITH TUI* HEW 
LANGUAGE BY PESZRIBIN& SOME NEW 9fH$Ol$ IN 
TERM* OF VARIABLE*. HERE THEY ARE NOW... 


THE SYMBOL* ARE RELATIVE* OF THE 
FAMILIAR EQUAL* SI&N -- < MEAN* 
“I* LE** THAW;" AH? > MEAN* *|* 
GREATER THAW." 



IN TERM* OF VARIABLE*, WE’P PUT IT THl* WAY; 
SUPPOSE a anp b ARE ANY TWO WUMEP5. 


a < b ME AH* 
THAT a IS TO THE 
LEFT OF b OM THE 
HUMBER LINE. 

a > fr MEANS 
THAT a I* TO THE 
RI&HT OF b ON 
THE HUMBER LINE. 



G 


AMP I > youi 


7 


a > 0 SAYS THAT a I* 
POSITIVE, WHILE a < 0 
SAY* THAT a 16 NEGATIVE. 


— 

WE ALSO SOMETIME* USE 
THE SYMBOLS <, “IS LESS 
THAN OR EQUAL TO." ANP 
£ » “IS GREATER THAN OR 
EQUAL TO.” SO 

a £ O 



NON-NE6ATIVE HUMBER*: ALL 
q POSITIVE HUMBER* ANP ZERO 


MEAHS THAT fl SOULP BE 

ANY POSITIVE HUMBER, OR . .* 

POSSIBLY ZERO, fl, WE NON-POSITIVE NUMBERS: ALL 0 

!■£,?** 19 NE&ATIVE NUMBERS ANP ZERO 

NEGATIVE- THE NON¬ 
POSITIVE NUMBERS WOULP 
BE THOSE NUMBERS b 
WITH b £ 0. 

_ J 




























WE CAN ALSO DES£RIBE A MUMPERS ABSOLUTE 
VALUE WORE EASILY 6'/ USING A VARIABLE- THE 
DEFINITION IS MUCH SHORTER THAN THE LONG- 
WINDED ONE GIVEN ON PAGE 10. IT’S THE SORT 
OF CLEVER DEFINITION A MATHEMATICIAN WOULD 
CALL m.‘ IF a IS ANY NUMBER. ITS ABSOLUTE 
VALUE, |flI, IS DEFINED LIKE THIS: 



a IF a > 0 

-a if cl <0 



■\ 


HOW CAN |a| BE "NEGATIVE a" WHEN |df MUST BE POSITIVE 7 BECAUSE THE NEGATIVE OF A 
NEGATIVE NUMBER 1$ POSITIVE! (SEE PAGE 9.) IT MAY LOOK WEIRD, BUT IF a IS NEGATIVE 
(a < 0), then -a is POSITIVE, and la I * - a. for instance, 1-51 = -C-5) - 5. 



-5 0 5 




J 


THESE SYMBOLS MAKE POSSIBLE A TOTALLY “ALGEBRAIC” DEFINITION OF THE ADDITION OF 
NEGATIVE NUMBERS IN TERMS OF THE FAMILIAR ADDITION AND SUBTRACTION OF POSITIVE 
NUMBERS THAT WE GREW UP WITH. 



a > 0 

AND b > 0, THEN a+b 

- ja| + I6| 

a<0 

AND b < 0, THEN a 4 - b 

* -Clal 4-161) 

a>0 

AND b< 0, THEN 


IF ja| 

>16], 

fl y 

THEN 

a + b = \a\ - |£>| 

V 

IF \a\ 

< 161, 

a v 

THEN 

a + 6 - -C|6| - |a|> 

< b 


a 


^4 


b 

6 
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LAWS OF COMBINATION 



I HEREBY SENTEN£E YOU 
TO IQ MINUTES OF 
AOMFUSlOk AkP ANXIETY, 


WHEN iOMl NlNG NUMBERS 
OR VARIABLES, WE MUST 
ALWAYS FOLLOW THE LAW, 
OTHERWISE, WE MIGHT BE 
GUILTY OF GETTING THE 
WRONG ANSWER, ANp THEN 
WHO KNOWS WHAT? 


^THE FIRST LAWS SAY THAT IN SOME EXPRESSIONS THE ORPER OF NUMBERS DOESN’T MATTER; ^ 


COMMUTATIVE 

1 AWC« IF a ANP b ^ ANy 

LA™ J« TWO NUMBERS, THEN 

a+b = b+a 
ab=ba 

miS IS REALLY TWO LAWS, ONE FOR 
SUMS AkP ONE FOR PROPUCTS.) 

_ 


WHEN APPlNG OR 
MULTIPLYING OHLy, 
EITHER NUMBER 
£AN GO FIRST. 



HERE'S THE PICTURE FOR APPITION 
f PRAWN FOR POSITIVE NUMBERS ONLY A 
£T + b IS THE LENGTH OF THIS ST1GK.,. 

« b 



THE PROPUGT ab IS THE AREA OF A 
RECTANGLE OF LENGTH a ANP HEIGHT b. 




TURNING SOMETHING AROUNP POESN’T 
CHANGE ITS LENGTH, SOfl + i>=ti» + a, 
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THE TIPPEP-OVER RECTANGLE HAS AREA ba. 
TURNING SOMETHING POESN’T CHANGE ITS 
AREA, SO ba - ab. 





































SOMETlMES THE ORPEfi OF 
OPERATION* DOESN'T WAITER. 

ASSOCIATIVE 

I AlA/C* IF fl > AMP c ARE AM/ 
LAW 3; THREE NUMBERS, THEM 

(a+b)+c =a+(b+c) 
(ab)c =a(bc) 

WHEM APPIN6 OR MULTIPLYING 
ONLY, GROUPING (“ASSOCIATION") 
DOESN'T WAITER. 



you PONT 
NECESSARILY 
NEEP FOUR 
HANPS FOR 
THIS, PUT IT 
HELP*' 


Associative Examples: 

1* (2 + 3U-4 * 5 + 4 = 9 
2 + f? + 4) * 2 + 7 * 9 


2* = 15x6 * 90 

5x(3xG) * 9x1g * 90 


THE PICTURE FOR APPlTlOM (OF POSITIVE 
NUMPERS) IS SUPER-SIMPLE. AIL THESE 
LINES OBVIOUSLY HAVE THE SANE TOTAL 
LENGTH. IT POES N’T MATTER WHERE you 
BREAK THEM. 


ANP FOR MULTI PL NATION,. 
a 


a 

b 

c 


a + b 

c 


b + c 



ONE PL Oa HAS VOLUME (ab)c. THE OTHER 
HAS VOLUME a(bcl THESE MUST PE EQUAL, 
PECAUSE TURNING POESN'T AFFECT VOLUME. 
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^WHO MEEPS THESE 

SIMPLE-SOUNPIM* 
LAWS? ALU YOUR 
LIFE YOU’VE TONE 
SUMS WITHOUT 
THINKING ABOUT THE 
ORPER, WHEN THESE 
ARE ACTUALLY 
TWELVE AFFERENT 
WAY* TO APP THREE 
NUMBERS TOGETHER. 


t. 6f*([kee) 

2 . 

3. 

A. (**«)#& 


< • ft*®)'S’C 
r.fe*l5s#srj> 
e.(k^<s}<nS! 


tt.S’G'ft*®]) 

K.((g«fe54gr 


OUR TWO LAW* SAY 
THAT, 6IVEN AMY 
CHOICE OF a, b, ANp 
c, ALL THESE EX¬ 
PRESSION* HAVE 
THE SAME VALUE. 

FOR INSTANCE, TO 
SHOW THAT SUM #1 
= SUM *1, WE 
REASON THIS WAV; 



<3 g Cites) § 


BY THE COMMUTATIVE LAW, SWITCHING 
THE NUMBERS a ANP b + C 


V. 


s &*{'£*<&) 


BY THE ASSOCIATIVE LAW 


J 


BECAUSE THEY’RE ALL THE SAME, WE CAN REMOVE THE PARENTHESES ANP SIMPLY WRITE 


(2?«(s>*(g 


WITH NO RISK OF CON¬ 
FUSION. THE SAME IS TRUE 
OF THE PROPUCTS (ab)c, 
(ac)b, ETC. JUST WRITE 



WITH NO PARENTHESES, 
ANP YOU KNOW HOW T 
LOVE TO BURN PAREN¬ 
THESES,,. 



SO 














WE CAN ALSO SHUFFLE THE ORPER ANp OMIT PARENTHESES Ik SUMS OR PROMTS OF FOUR 
OR MORE NUMBERS, IT’S OKAY TO WRITE, FOR EXAMPLE, 



WITHOUT caring 
WHETHER IT MEANS 
(la)(be), l(a(bc)), 
(da)b)c, C ab)(tc), 
OR AWT OF THE 
OTHER IIS O'ES'} 
POSSIBILITIES- ANP 
THE SAME WITH 
SUMS, OF COURSE. 



THE PAYOFF IS THAT SUMS ANP PROPUCTS OF NUMBERS ANP VARIABLES BEHAVE EXALTLT AS 
VOU WOULP HOPE ANP EXPERT. FOR INSTANCE, IF WE POU&LE WE HAP BETTER GET &x, 
ANP THAT IS EXACTLY WHAT THE ASSOCIATIVE LAW GUARANTEES. 




FOR APPITION, THE TWO LAWS GIVE THE SAME COMFORTING CONCLUSION: IF I APP 3, SAY, 
TO a + 1, THEN I GET a + 5, JUST AS YOU’P THINK, 



IN OTHER ^ 
WORPS, I * 
THERE WILL 
BE NO AWFUL 
SURPRISES' 



ca 

a 


(sL^ 





























Minus Signs and the Laws 

W£ Pl£TUR£P THE £OMMUTATlV£ LAW a+b -b+a WITH 
TWO POSITIVE HUMBERT, PUT THE LAW IS JUST AS TRUE 
WHEN Cl, i>, OR BOTH ARE NEGATIVE. THAT’4 BECAUSE 
APPrTJOM 15 DEFINED TO PE THE SAME IN EITHER ORPER. 
(5EE P. 19 OR P. 47.) FOR INSTATE, 


J 


subtract a from b, 
TUGN 6rVG TUG ANSWER 
THE SAMG SJ£N AS b 
sea m i&\ > i-4i. 


T|4E ASSOCfATlVG LAW ALSO APPLIES TO NEGATIVE NUMBERS. 


6 + {-4) 

<■-— 

--> 

-t-1-1-1-H-1-1-1-1-H-*- 

-4 0 t 4 

<- 

-j, 

(-4)+4 


SEEN WITH ARROWS, A+f-4) 
TAKES 4 FROM THE HEAP ENP 
OF THE 6-ARROW, WHILE '4 + 6 
TAKES 4 FROM THE TAIL ENP OF 
THE 5-ARROW. THE RESULT IS 
THE SAME: 1. 


THIS MAKES JT om TO LEAVE OUT PARENTHESES IN ‘'SUMS' THAT INCLUPE BOTH PLUS ANP 
MINUS SI&NS, LIKE THIS ONE; 


a 

a 




BECAUSE WE KNOW 
IT MEANS THIS! 



ANP WE m WRITE THE EXPRESSION IN ANy 1 ORPER, AS LON& AS THE MINUS Sl&NS STICK TO 
THEIR NUMBERS. THESE ARE ALL THE SAME: 


-4-5+3+2 

-4+3-5+2 

3+2-S-4 

-5+2-4+3 

2-4+3-5 
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MERC ARE TWO CONVENIENT WAY5 TO EVALUATE OR AMPLIFY A LON6 THAT INCLUPE5 
SOME NEGATIVE NUMBERS 


t &Q 

LEFT TO 

mm. 


rf 

d 


CH 

C5 




2, &ROUP 
NEGATIVE* 

ANP FDSJTfVE* 
GEPARATEL Y 
ANP APE? THE 
GROUP*. fONLY 
ONE GPBTRAC- 
TfOW TW* 
WAY0 


o 

da 



ga^a1|?c$g 


S I a f 

g at^l 


WE aw ALSO MOTE VARIABLES AROUMP Ik THE SAME WAV. 



C3 

cn 



Ik A PRODUCT OF SEVERAL NUMBERS AkP/Ofi 
VARIABLES, WE SAW SHUFFLE ANP REARRANGE 
TO BRIN6 ALL MINUS Sl&kS TO THE FRONT. 

a(-2)(-3)(-b) 

= a(-1)2(-1)3(-1)b 
= (-1)(-1)(-1)(2)(3)ab 


BE6WSE (-1)01) = 1, WE SET THIS RULE- 
THE PROPUCT OF Ak £V£N NUMBER OF 
MINUS SI6NS IS + •, THE PROPUCT OF AM 
OOP NUMBER OF MINUS SI6kS IS 




5 ? 














^SO FAR, OUR LAWS HAVE ALLOWED SHUFFLING AW(7 REGROUPING WITHIN SUMS AMP PROPUCTS^ 
OUR NEXT (AW FINALJ LAW OF COMBINATION IS PIFFERENT, IT PESCRIBES WNAT HAPPENS 
WHEN TIMES MEETS PLUS. 


DISTRIBUTIVE 

I iUf. IF a, b AMP c ARE 
LAW ♦ AWy NUMBERS, THEN 

a(b+c)=ab+ac 

THE PROPUCT OF A NUMBER TIMES 
A SUM IS THE SUM OF THE TWO 
“PARTIAL PROPUCTS." MULTIPLI¬ 
CATION “PISTRIBUTES" OVER 
APPlTlON (AGAIN, IT DOESN'T 
MATTER WHETHER THE NUMBERS 
a, b, ANP C ARE POSITIVE, 
NEGATIVE, OR ZEROJ. 

_ 


fc + c 



b c 


THE LARGE RECTANGLE, WITH AREA «fb+c), 
IS MARE UP OF TWO SMALLER RECTANGLES 
WITH AREAS ab ANP ac. 


WE USE THE ASSOCIATIVE ANP COMMUTATIVE LAWS ALMOST MJMPLESSLV. OF COURSE 
2 + 3 = 3+2'f THE PISTRIBUTIVE LAW, ON THE OTHER HANP, CALLS FOR SOME CARE, 
BECAUSE WE’RE PUSHING A FACTOR ONTO MORE THAN ONE ITEM rMSIPE THE PARENTHESES. 




Numerical Example; 


Examples with Variables: 


2{5 + 7) = 2(12) = 24 
2*5+2x7 


and also 


10 + 14 
24 


1 ♦ 3(x + 1) * 3x + (3)(1) * 3x + 3 
2* 2 a(x + 3) - 2 ax + 6a 

NOTE THAT ORPER POESM'T MATTER; 
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3* p + {p » a + |)P = |p 
4 . ax + 2x - (a + 2)x 




















A FEW THIW6* TO 
NOTICE ABOUT THE 
PISTRIBUTfVE LAW: 


Multiplication distributes over long sums* 


a(b+c+d+e+.,*) = ab+ae+ad+ae+... 




Multiplication distributes 
over subtraction: 

a(b-c) = ab-ac 

THIS IS TRUE BECAUSE SUBTRACTION 
IS “NEGATIVE APPITION.' 


Negation distributes! 
-(a + b) = -a-b 

7m 15 TRUE BE£AU5E NE6ATION 15 
TME 5AME A5 MULTIPLICATION BV -1, 

- (a + b) * {-IKa + W 


a(b - c) * aft +■ ('£)) 


PEFlWlTfON OF 
suBTRArrJOJu 


M)a + M)b 


- at + a(~c) 

* ab +■ aC(-l)c) 
= at + f-IXac) 

- ab + (-Ac) 

= ab - ac 


a 

ovtft apfjti on 


-c * C- 1 )c 


5 HUFFUW& AMP 
ftg6ROUPrW6. r 


(-Dae - -ac 


frEFlHJTlOM OF 
SUBTRA£TrON 


a 


b 



£>-c c 


- -a -b 

PI5TRIBUTIN£ A MIMU5 5f6M OVER A 
miRteVOU LOOKS LfKE THIfr 

-(a-b) = - a + b 
= b-a 


















SOMETIMES WE WANT TO “UNDISTRIBUTED 
FOR EXAMPLE WHEN ADDINS MULTIPLES OF 
A SINSLE VARIABLE SIO AS ?x + lx. 


3x+2x = (3+2)x 

= 5x 



MULTIPLES OF A 
VARIABLE ADD AS 
EXPECTED, DIDN’T 
WE PROMISE NO 
AWFUL SURPRISES? 



? APPLE'S PLUS 2 APPLES 
MAKE S APPLES, AMP THE 
SAME FOR X 1 . 


Reminder: THIS works with ANy multiples, not JUST POSITIVE whole numbers. 

FOR INSTATE, 


2 y - \ * f2-i)y = |y OR 


3y 

1 



y/ 2 - ( 1 j)y OR 

V 1 


also: 


p + .?p = 

bz - Zz 

X X 


Cl + 3)P = (1 3)P 

mcmi p - i-p 

WITH AN UNWRITTEN 1 .) 

- Az 


J K 5 ntJ 5x 


REAL-WORLD EXAMPLE: Discount Store 


MV LO£AL BARGAIN STORE 
IS HAVING A 20%-OFF 
SALE. EVERmtJN^ IN THE 
STORE IS REPUTED BV AN 
AMOUNT EOUAL TO 10% 
OF THE MARKED PRIAE. 


( I LOVE SALES, BUT ^ 
WHAT POES THIS HAVE i 
TO DO WITH THE 
DISTRIBUTIVE LAW? 

___ 



5b 




































FINPIN6 THE PlSSOUNTEP (SALE) PRISE OF 
AN ITEM WOULP SEEM TO TAKE TWO STEPS. 
STEP Is FlNP THE PISSOUNT By MULTIPLYING 
THE PRISE By .2 fTHAT’S 20%, Oft 20/100). 



OKAY- (.2)xi5 
EQUALS SI- 



STEP 2- SUBTRACT THE PISSOUNT FROM THE 
MARKEP PRISE. IN TERMS OF A VARIABLE, AN 
ITEM WITH A MARKEP PRISE P HAS A PISSOUNT 
OF .2P ANP A SALE PRISE OF 




2 xs 


is 




ALL RIGHT? 


NOW APPLY THE PfSTRlBUTlVE LAW. WE KNOW 
THAT P * VP /THE 1 BEING UNWRITTEN). SO 



EVEN BETTER; MAyBE WE WANT THE TOTAL SOST 
OF SEVERAL ITEMS, SAY FOUR OF THEM WITH 
MARKEP PRISES P, Q, ff, ANp S. THEIR SALES 
PRISES APP UP TO &P + $Q + M + .65, BUT- 


.8P + .8Q+.8R+.8S 
= .8{P+Q+R+S) 



IN REALITY, THEN, WE SAN FlNP THE 
PISSDUNTEP PRISE IN JUST OKIE STEP: 
MULTIPLY THE MARKED PRISE BY .91 



IN OTHER WORPS, TO FlNP THE TOTAL SOST OF 
SEVERAL ITEMS, APP ALL THEIR MARKEP PRISES 
ANP MULTIPLY BY .6. YOU NEVER HAVE TO 
KNOW THE PISSOUNT OF A SINGLE ITEM.'! 
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Problems 

1. EVALUATE THESE 
NUMERAL EXPRESSION* 

a. 2*3 +1 

fr, 2(3 +■ n 

C. t - 4 + ?C1'4) 

2 3 

rf. 5 - 3 + 2 - A 


e. 5 -(3 + 2-4) 

f. (f - 2)/2 

9 . (2-lCW{4£> + 9)-(-2) 



3 


J. (-6M-5) - (-5)(£) 

A 

3.8- 2(1 -Q.£7) 
0.5 


2. EVALUATE THE AL&EBRArC 
EXPRESSIONS AT THE 6 IVEN 
VALUE(S) OF THE VARIABLES): 

a. 5* - 4 WHEN * = 1 


3a. evaluate 2 a (x + 1 ) - ?x + 4 (a - 1 ) whew 
x = 1 AND 0=2. 

b' evaluate the same expression whew x=2 
AND a = 3. 


C. WHAT EXPRESSION fW 0 CO VOU SET IF yOU 
PLUS rW X= 2? CAW you SIMPLIFy IT By USINS 
THE DISTRIBUTIVE LAW? 

d, X + lx + 3x - — WHEN X = 1. 

X 


b. 2P + 11 WHEN P-- 'S 
C. -(3y-1)(2y+ 4) WHEN y = 3 


A, SIMPLIF/ THESE EXPRESSIONS USINS THE DISTRIBUTIVE LAW. (THAT IS, DISTRIBUTE AND THEN 
COMBINE TERMS J 

fl. 2(x + 5)-1 C. 3(y + 25 + 4(y + 2) tf. 1-2(1-x) 

fr. 3(x-1H2(x + 1) rf. 3{2(2x-1)) + 5) + x f. a(T - t) + 2a(2 - t) 


5. THE CHEAPO DEFOT CHANGED ITS DISCOUNT 
TO 15%. IF A PRICE TAS SAyS P DOLLARS, HOW 
MUCH IS THE SALE PRICE? yOU WANT A HAIR¬ 
BRUSH ORlSJNALLy PRICED AT $8.99 AND SOME 
SEL MARKED AT $4.95. WHAT WOULD THE TOTAL 
PRICE BE AFTER THE DISCOUNT? 


7. A CREATIVE MATH TEACHER INVENTS A NEW 
OPERATION CALLED RADDITION* WRITTEN ff#f> 

(a RAD AO AND DEFINED By a#b = a + b + ab. 

a. WHAT IS 4#1? T#4? 

b , IS RADDITION COMMUTATIVE? ASSOCIATIVE? 


6. USE THE ASSOCI¬ 
ATIVE LAW TO EXPLAIN 
WHy THE PRODUCTS IN 
EACH ROW ARE EQUAL. 
(HINT: DO yOU SEE 
ANy EVEN NUMBERS?) 


2x2 = 1x4 

£ x4 = 3 X0 
0x5 s 4 x 10 
10 x £ s. 5 x 12 
12x7 = £ x 14 
14 x 0 s 7 x 1£ 


C. IF 0 IS ANy NUMBER, WHAT IS a*0? 

d, DOES MULTIPLICATION DISTRIBUTE OVER 
RADDITION? THAT IS, IS IT ALWAyS TRUE THAT 
a(b#c) = ab#ac? 

8, IF R AND 5 ARE ROTATIONS OF A SPHERE 
(LIKE A BASKETBALL) AROUND ITS CENTER, MUST 
IT BE TRUE THAT PS = SP? 
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Chapter 5 

Balancing Act 


A« MA6BR4I l EWREMION » 
MERELY A RECIPE: IT 6IVES 

step-by-step instructions 

FOR OPERATING. ON ALGEBRAIC 
IN&RGPIENTS, IN OTHER WORPS 
VARIABLES AMO NUMBERS. 


POU8LE A NUMBER, 
THEN APP 1, THEN 
TRIPLE THE RESULT. 



AN EQUATION, ON THE OTHER HANP, IS A STATEMENT. ITS SAYS THAT TWO DIFFERENT 
EXPRESSIONS ARE THE SAME NUMBER- EVEN THOUGH TWO EXPRESSIONS MAY NOT LOOK 
ALIKE, THE EQUATION SAYS THEY RESULT IN THE SAME VALUE, ONCE YOU PO THE ARITHMETIC. 
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FOR IMSTAME, IU THE FIS^OUNT STORE, 
TWJ 5 EXPRESSION PCftlWBES HOW TO 
OUVIATB TME SALE PRf^E OF AN rTEM 
MAfeKEF t?OWW 20 % FROM ITS ORDINAL 



WHEN THE CASHIER TELLS YOU WHAT YOU MUST 
ACTUALLY FAY, THAT'S AN EQUATION, A STATEMENT. IT 
SAYS THE SALE PRtfE K EQUAL TO SOME NUMBER/ 



‘NOT TAKING TAX INTO AMOUNT- 
LETS PRETEHP THAT U/E LIVE IN 
A MA&tfAL TAX-FREE WOtfLI?. 






OR MAYBE JT’LL BE til 

' T 



LIKE ANY STATEMENT OF FACT, AM EQUATION ^ 

ttW BE TRUE OR FALSE- 

2+2 = 3 + 1 

2+2 = 3 NOT to true; 

WE USE TME SYMBOL TO MEAN "IS NOT 
EQUAL TO," AS IN 

2+2*3 ™ e 


j 


AN EQUATION dONTAININS A VARIABLE MAY BE TRUE FOR SOME VALUE OR VALUES OF TME 
VARIABLE ANP NOT FOR OTHERS. TME EQUATION lx* 1 - 7 IS TRUE WHEN BECAUSE 
2(3) + 1 - 7, BUT FALSE WHEN x = A BECAUSE 2(4) + 1-9*7. 


A VALUE OF THE VARIABLE 
THAT MAKES THE EQUATION 
TRUE IS IALIEU A 


OF THE EQUATION. A 
SOLUTION IS SAIP TO 



OR SOLVE THE EQUATION. 
x*3 SATISFIES THE 


EQUATION 2x+T = 7. TRY 
SOME OTHER VALUES OF x. 
P0 YOU FlNP ANY OTHER 
SOLUTIONS? 



bO 






























SUPPOSE you BOU&HT SOMETHIM6 MARKED DOWN 20% TO *5. WHAT WAS THE ITEM’S 
ORIGINAL PRICE BEFORE THE MARKDOWN? UNFORTUNATELY, THE CASHIER THREW AWAy 
THE PRICE TA6 AND LEFT YOU WITH NOTHING BUT AW EQUATION TO PONDER-. 



THE EQUATION TELLS YOU THE VALUE OF 90% OF P, A FRACTION OF P. HOW WOULD YOU FINP 
THE VALUE OF P ITSELF, ALL OF P, THAT IS I P? HOW CAN YOU TURN -BP INTO I P? ANSWER: 

MULTIPLY BY THE RECIPROCAL OF .8 COR DIVIDE BY .9, SAME THJNW.* 



THAT WILL CLEAR AWAY THE 
FACTOR .0, BECAUSE 

-U«P) - <4> P ' P 

.0 

BUT THEN WHAT ABOUT THE 5 ON 
THE OTHER SIDE OF EQUATION? 


WELL, IF BEIN& A TRUE EQUATION MEANS ANYTHING IT MEANS THIS: BP AND 5 ARE REALLY 
THE SAME NUMBER. NATURALLY, THEN, ANY MULTIPLE OF .BP AND 5 WILL ALSO BE EQUAL 
TO EACH OTHER. HOW COULD THEY WOT BE? SO... 




WOW FOR THE ARITHMETIC: 

— IBP) * (—)5 
.0 .9 

P * W.B * 

THE ORIGINAL PRICE WAS 

$6.25. 


BECAUSE YOU’RE CONCERNED 
THAT YOUR REASONING MAY HAVE 
BEEN SHAKY, YOU CHECK TO MAKE 
SURE THAT P=C.25 REALLY DOES 
SATISFY THE EQUATION: 


(.0X6,25) * 5 
5 = 5 



*IF YOU HATE THE DECIMAL, YOU CAN WRITE .0 = 0/10 * 4/S AND ITS RECIPROCAL AS S/4. 


SI 















WE HAVE JUST MET 
ALGEBRA'S FIRST Bl6 

I pea- «ven mi true 

EQUATION, you cm “PO 
THE same things to 
BOTH SIPES" ANP THE 
RESULTING EQUATION 
WILL STILL BE TRUE. THIS 
JPEA tom*? FROM THE 
INVENTOR OF AL6EBRA 
HIMSELF, MU HAMM AP OF 
KHWAfilZM, OR Al- 
KHWARIZMI (7B0-9<?0). 


—;—\ 

VOU'RE 

VERy 

WELCOME! 



AL-KHWARIZMI THOUGHT OF AN EQUATION 
AS "BALANCEP." THE EXPRESSIONS ON THE 
TWO SIPES, THOU&H THEy LOOK PIF- 
FERENT, EXPRESS THE SAME NUMBER. 


IF WE ADD THE SAME THINS- {NUMBER, EX¬ 
PRESSION, WHATEVER; TO BOTH SIPES, THE 
SIPES STILL BALANCE-THEVRE STILL EQUAL 
TO ONE ANOTHER. 




WE SAM ALSO MULTI PLY BOTH SIPES By 
THE SAME THINE- ANP STAY IN BALANCE. 



WE SAM SOLVE MANy EQUATIONS USIN6- 
ONLy THESE TWO STEPS, WHICH AL- 
KHWARIZMI CALLEP “REBALANCING’ 






















r 

BEFORE GOING ON, LET ME 
SAY A FEW WORPS ABOUT THE 
LETTER MOST OFTEN USER AS 
A VARIABLE: *. THE POINT OF 
CHOOSING THIS MYSTERIOUS 
LETTER IS THAT IT STANPS 
FOR NOTHING IN PARTICULAR, 
WHETHER PISTANCE OR TIME 
OR PRICE. ALGEBRA, SAYS x, 
WORKS ON ANY VARIABLE. NO 
MATTER WHAT IT “MEANS." * 
CAN BE ANYTHING) 

V____ 



Example 1. solve 
4x+5 = 2x + 11 

Ax ANP tx ARE CALLEP THE VARIABLE 
TERMS* WHILE THE "NAKEP NUMBERS” 

5 ANP II ARE THE CONSTANT TERMS. 



TO REBALANCE, WE CLEVERLY CHOOSE JUST 
THE RIGHT THINGS TO APP OR SUBTRACT 

to REMOVE ALL VARIABLE TERMS from 
THE RIGHT ANP ALL CONSTANT TERMS 
FROM THE LEFT. 



SUBTRACTING 5 WILL CLEAR THE CONSTANT 
FROM THE LEFT, ANP SUBTRACTING tx 
WILL CLEAR THE VARIABLE TERM FROM THE 
RIGHT. LET’S PO JT-TO BOTH SIPES! 

4x + 5 = 2x + 11 
-5 -5 

-2x -2x 

4x-2x = 11-5 
2x = 6 

WE’RE ALMOST THERE! MULTIPLYING 
EVERYTHING BY 1/2, THE RECIPROCAL OF 
2, WILL LEAVE X ALONE ON THE LEFT 
SIPE ANP SOLVE THE EQUATION, 

2x/2 = 6/2 
x = 3 

finally, we plug x-z into the original 

EQUATION TO CHECK THAT IT REALLY IS A 
SOLUTION. 

4(?)+S l Z(Z) + 11 
14 + 5 I 4 + 11 
17 = 17 
























HOW TO SOLVE 
AN EQUATION, 
STEP BY STEP 

(SOME EQUATIONS, ANYWAY? 



1. "Prep” the Elation if necessary 

BY GETTING RIP OF PARENTHESES ANP COM¬ 
BINING LIKE TERMS. CUKE" MEANS THAT 
CONSTANTS APP WITH CONSTANTS. VARIABLE 
TERMS WITH VARIABLE TERMS.? 


PARENTHESES V 
ARE MOT OUR 
FRIENPS HERE.' 



2. Isolate, BY APPITION AH P/OR 

SUBTRACTION. THE CONSTANTS ON ONE SIPE 
(USUALLY THE RIGHT? ANP THE VARIABLE 
TERMS ON THE OTHER (USUALLY THE LEFT?. 



3* Combine like terms. 






SIMPLIFY! 

ALWAYS 

SIMPLIFY! 


r 


THE EQUATION WILL MOW LOOK LIKE THIS; 
(SOME NUMBER/* ^ SOME OTHER NUMBER. 


4* Multiply BOTH SIPES b y THE RE¬ 
CIPROCAL OF THE NUMBER IN FRONT OF THE 
VARIABLE. THIS NUMBER IS CALLEP THE VARIABLE’S 
COEFFICIENT. FOR INSTANCE, GIVEN 




4 I* THE CQtffmm OF X. 
mmyjMG j &jve5 



AWE? THE EQUATrOW 16 
SOLVE* 


mr im 
TME SAME AS 
wrpitofr &y 
TNE £0£F- 
FlOENTT 



5. Check THE ANSWER. THIS 
IS IMPORTANT, BOTH TO CHECK YOUR 
WORK AMP FOR ANOTHER REASON 
TO BE EXPLAINEP SHORTLY. 































MERITS A COMPLICATED EQUATION THAT 
NEEDS SOME PREP WORK TO SOLVE, 

Example 2. 
2(x-1)+3(x-2)+x = 2x+4 

WE GO STEP BV STEP- 



OH, y£AH' 
I’M REALLy 
DISGUISED IN 
THAT ONE! 


1. THOSE PARENTHESES MARE IT HARP TO 
SEE WHAT TO CLEAR FROM EACH SIDE, SO 
LET'S GET (fit? OF THEM. By THE DISTRIBUTIVE 
LAW, 2(x- 1) - 2x~ 2 AND 3(X'2)- 3x-6, 
MAKING THE EQUATION 

2x-2 + 3x-6 + x = 2x + 4 


big pea u My 

VALUE rS STILL 
60 OBSCURE.,. 


COMBINING LIRE TERMS, VARIABLE WITH 
VARIABLE, (CONSTANT WITH (CONSTANT, GIVES; 

6x-8 = 2x 

PREP WORK PONE! 

' UHTOH... THEY'RE 
CLOSING IN... 

V, 




2. MOW REBALANCING IS EASY*. 
SUBTRACTING tx CLEARS THE VARIABLE 
TERM FROM THE RIGHT, ANP ADDING 8 
CLEARS THE CONSTANT FROM THE LEFT. 


6x-8 = 2x + 4 
-2x + 8 -2x + 8 

6x-2x= 4+8 


3. COMBINE TERMS( bx-2x- 4x 
AND 4 + @ = 12. NOW THE EQUATION IS 

4x = 12 

4. DIVIDING BOTH SIPES By 4, THE 
COEFFICIENT OF X, SOLVES IT. 


x = 3 


I ADMIT 
NOTHING 
UNTIL 
CHECKED... 



5« RNALLV, CHECK THE ANSWER 
BV PLUGGING IN 3 FOR X THE 
ORIGINAL EQUATION; 


OH, ALL RIGHT. 
I AM 3... AND 
WAS ALL ALONG 



2(3-1)+ ?(?-£)+ 3 I 
22 + 3-1 + 3 t 
4 + 3 + 3 l 
10 * 


2-3 + 4 
6 + 4 
6 + 4 
10 






























NEGATIVE COEFFICIENTS 


AFTER REBALANCING-, YOU 
MY FIN? A NEGATIVE 
COEFFICIENT STUCK TO 
THE UNKNOWN, LIKE THIS: 



AT THIS POINT, YOU 
COULP PIVIPE By -? 
(okay Birr messy), but 
IT'S JUST A LITTLE EASIER 
TO MULTIPLY BOTH SIPES 
BY -1 AN? MAKE THE 
COEFFICIENT POSITIVE. 




JUST WAVE 
THE MAGIC 
MINUS WAN? 
ANP CHANG-E 
THE SIGNS' 

_ J 


V 


IN A SIMILAR WAY, APPING FRACTIONAL TERMS CAN BE SLOW ANP ANNOYING 
LUCKILY, YOU CAW CLEAR ALL FRACTIONS FROM AN EQUATION BY MULTIPLYING THROUGH BY A 
COMMON PENOMINATOR. GIVEN AN EQUATION LIKE THIS ONE: 



SIMPLIFY? 

ALWAYS 

SIMPLIFY? 

I 




1 


MULTIPLY BOTH SIPES BY b (THE 
LEAST COMMON PENOMINATOR OF 
2, 3, AN? G). 

—— x + —— - —— x + (G)(2) 

£ 3 G 

AFTER CANCELING COMMON FACTORS, 
ALL FRACTIONS ARE GONE? 

9x + 2 * 5x + 12 

THIS REBALANCES TO 

4x - 10 AN? SO 



TRY CHECKING 
THE SOLUTION. 













■\ 


a worp tmm cwum& 

IT* MFOtiim FOR AM 
GPVrOUS REASON' PEOPLE 

aiajce mm&i 



THESES ANOTHER REAGON AG WELL. IT HAG TO ?0 WITH ALGEBRA'G BAGfC THrNKlNG, WHICH 
AGGUME5, WHEN REBALANCING, THAT THE EQUATION WAG TRUE- 


THE REASONING 
GOEG LIKE THIG 



THE EQUATION 15 
TRUE FOR GOME 
VALUE OF THE 
VARIABLE, THEN I 
CAN PUGH THINGG 
AROUNP AN? FIN? 
OUT WHAT THAT 
VALUE MUGT BE. 




J 


HOW ABOUT THIG EQUATION? 

X =x + 1 

BLINPL/ REBALANCING, WE 
CLEAR X FROM THE RIGHT 

X = x + J 

-X 'X 


0 -- 1 

AN? CONCLUDE THAT 0=1. 
OOPG! 


THIG HAPPENEP BECAUGE THE ORIGINAL EQUATION CQULP 
NEVER HAVE BEEN TRUE TN THE FIRGT PLACE. HOW CAN AN/ 
NUMBER BE ONE MORE THAN ITGELF? THE EQUATION HAG 

NO SOLUTION, 



CHECKING GOLU- 
TlONG AGGUREG UG 
THAT THE ORIGINAL 
AGGUMPTION WAG 
OKAy; THE GOLVEP 
EQUATION REALLV 
WAG TRUE FOR 
GOME VALUE OF 
THE VARIABLE. 






























QUICK REBALANCING, or CALL THE MOVERS! 

MOW I’M 60IN6 SHOW yOU A QUAKER WAy TO REBALANCE EQUATIONS. LET'S rMA6lME AMy 
EQUATION WHERE ONE SfPE 15 THE SUM OF TWO EXPRESSIONS. 



sy NOW, you KNOW that WE PO THIS ?y SUBTRACTING THE EXPRESSION FROM BOTH SIPES, 
LETS WRITE IT ON A LINE, RATHER THAN STAtfEP UP. 



THE RESULT: 



V 


PO you SEE WHAT 
HAPPENS? THE EX¬ 
PRESSION SEEMS TO 
JUMP FROM ONE SlPE 
TO THE OTHER, ANP 
ITS SI6N CHANGES 
FROM PLUS TO MINUS? 

_ J 



you cm 

alwa n 

REBALANCE 

this m. 


JNSTEAP OF WRITING OUT 


THE APPlTlON OR SUB- 
TRACTION OF TERMS, yOU 
CM SJMPLy MOVE A TERM 
FROM ONE SI PE OF THE 


EQUATION TO THE OTHER 
ANP FLIP ITS SIGN. 
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Example 3* solve x-5 = 4x-17 


AS ALWAYS, WE WANT TO ELIMINATE THE CONSTANT 
FROM THE LEFT ANP THE VARIABLE TERM FROM 
THE RIGHT. WE COULP WRITE EVERYTHING OUT IN 
A STACK LIKE THIS,., 

ALMOST LOOKS LIKE 
A GRAPE-SCHOOL 
ARITHMETIC PROBLEM! 


x - 5 
+ 5 
-4x 


= 4x 


- 17 
+ 5 


-4x 


BUT WHY BOTHER? WE CAN SIMPLY 
MOVE -5 FROM LEFT TO RIGHT, 
WHERE IT REAPPEARS AS + S, ANP 
Ax COMES TO THE LEFT AS -Ax. 
THE RESULT MUST BE THE SAME. 



x-5 = 4x-17 

x-4x = -17 + 5 
-3x = -12 
3x = 12 
x = 4 

ANP WE 4 - 5 l 4(4) - 17 
£HECK= ^ ? 14 - 17 

-1 * -1 


MOW, YOUR MATH 
TEACHER MAY TELL 
YOU THAT MOVING 
TERMS AROUNP 
LIKE THIS is OLD- 
FASHIONED! 



SINCE I WENT 
TO SCHOOL, SOME 
“EXPERT* PEOPEP 
TO MAKE STUPE MTS 
WRITE EVERYTHING 
OPT IN FULL, EVEN 
THOUGH MOVING 
TERMS IS QUICKER 
ANP SHORTER... 




n -\ 

FRANKLY, X THINK THE NEW WAY IS A BIG 
WASTE OF TIME! SINCE WHEN PO WE WANT 
TO GO SLOWER ANp WASTE PAPER?!! 

_ , , J 



so... WRITE IT OPT ANP PLEASE 
YOUR TEACHER. OR SAVE A TREE 
AMP PO ri MY WAY! 




ANP NOW. ON TO SOME PRACTICE PROBLEMS... 
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Problems 

1- SOLVE THESE EQUATIONS (ANP CHECK YOUR SOLUTIONS!)’ 


ff. 2x - X 4- 1 

b. 5x + 10 a 25 

0 . 500x + 1 ,000 = 2.500 

(SU6&ESTION; PIVIPE BOTH 
SIPES BY 500 BEFORE POlN^ 
ANYTHJN6 ELSEJ 

d, 7y - J = 5y + 9 

e. 3x + 4 - x - 5 


M* + 1 * 7 
g. 4x +■) = <? 

/). 1 - lx a 3* - 19 

i. 2(1 - x) = 1 + x 

j, 2(60 - m) * 2(64 - 3m) 
fc. 25 - 3x = 30 - 5x 


/. 


m. 



n, 3(y -1) + 2(y -2) a y 

0 . 6 t a 4 ft + 10 ) 

x-1 x-2 1 + x 

p, —— + __ = —— 


2, SUPPOSE A PAIR OF SHOES IS MARKED 

vom BY 25%. 

a. IF ITS OPTIMAL PRrCE 
IS P, WRITE AM EXPRES- 
SIOM FOR ITS SALE PRICE. 

b. WRITE THE SAME 
EXPRESSION WITH A 
FRACTIONAL COEFFICIENT 
IMSTEAP OF A PECIMAL- 

C, IF THE SALE PRICE IS *66, WHAT 
WAS THE ORIGINAL PRICE? 

d. IF THE SALE PRICE WAS £?, WRITE 
AN EXPRESSION FOR THE ORIGINAL 
PRICE IN TERMS OF THE VARIABLE Q. 


4. SUPPOSE a IS ANY NUMBER OTHER THAN 
0. REBALANCE THIS EOLATION; 

2ax + 3 a ax + 4 

CAN YOU SOLVE FOR X? IN OTHER WORPS, 
CAN YOU WRITE AN EQUATION 

x SOME EXPRESSION 
INVOLVING a 


Z, SUPPOSE THE SALES TAX RATE IS 0% 
(THAT'S .00). THIS MEANS THAT THE TAX ON 
AN ITEM OF MAR REP PRICE p IS (-OS)p. THE 
TAX, OF COURSE, IS APPEP TO THE PRICE. 

a. WHAT IS THE AFTER-TAX PRrCE OF A CANPY 
BAR WITH A MARKEP PRICE OF *1? *2? tp? 

b, IF THE AFTER-TAX PRICE IS *3.70, WHAT 
WAS THE MARKER PRICE? 

C. IF THE SALES TAX RATE IS r, WRITE AN 
EXPRESSION FOR THE AFTER-TAX PRICE OF AN 
ITEM PRICEP AT p POLLARS. 


5, FOLLOW THE 5-STEP PROGRAM TO 
SOLVE THIS EQUATION: 

X + 1 = 1 + X 


WHAT PIP YOU “PROVE?” WHY PO YOU 
SUPPOSE THAT HAPPENEP? POES THIS 
EQUATION have ANY SOLUTIONS? IF so, 
WHAT ARE THEY? 


THAT SATISFIES THE EQUATION? 
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Chapter 6 

Real Wor(l)d Problems 


To USE ALGEBRA IN PAILY LIFE, WE HAVE TO 
TRANSLATE REAL SITUATIONS INTO EXPRESSIONS 
ANP EQUATIONS. IN TEXTBOOKS, THESE SITUATIONS 
ARE CALLEP WORP PROBLEMS. BECAUSE THEY'RE 
PESiRIBEP IN WORPS... BUT I PREFER WORU? 
PROBLEMS, BECAUSE THAT'S WHERE THEY COM E 
FROM. 
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Example 1 . kevin just finishep wnvm a 

BOOKCASE. fHE'4 STILL HAMMERING JUST BECAUSE IT FEELS SO 
6COP.J IT'S 4 FEET TALL; IT WAS 5 SHELVES; AMP IT 
USEP A TOTAL OF 23 FEET OF BOARPS. HOW LOW& 
IS EACH SHELF? 


ASSUME THAT THE TOP SHELF IS 
BETWEEN THE UPRIGHTS, AS IN THE 
ILLUSTRATION, SO IT'S THE SAME 
LENGTH AS THE LOWER SHELVES, 



8E6IN By OR6AN!ZlN6 THE INFORMATION INTO 
WHAT'S KNOWN ANP WHAT'S UNKNOWN. 


m 


SlPE HEIGHT; 4 FT. 
NUMBER OF SIPES; 2 
NUMBER OF SHELVES: S 
TOTAL LENGTH; 23 FT. 


SHELF LENGTH 



SHELF LENGTH IS THE ONLY VARIABLE 
QUANTITY... SO CHOOSE AN ABBREVIATION 
THAT REM IN PS yOU OF “LENGTH".,. 


LENGTH. 
AHEM 
LLLENGGTH 
HOW ABOUT 
"NGTH"? 



MAY I MAKE A 
SUGGESTION? 

— V — 



LET'S USE l, 
SHALL WE? 


NEXT WRITE AN ALGEBRAIC EXPRESSION FOR 
THE TOTAL LENGTH OF BOARPS IN TERMS 
OF L. WE PIP THIS ON P. 39. 


TOTAL LENGTH 

5L + 8 FEET 

A 


L —» 


5 SHELF 
LENGTHS 


2 SIPES, 

4 FEET EACH 


FINAL STEP OF THE SETUP: MAKE AN EQUATION. 
FOR THIS WE LOOK rN THE PROBLEM FOR A STATE¬ 
MENT, ANP FINP THIS ONE: THE TOTAL LENGTH IS 
EQUAL TO 23 FEET. 


5L + 8 = 23 



THAT, 

TH£E£ a 6m 
rr kiu 
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WE SEEK THE VALUE (OR VALUES) OF L THAT MAKES THE EQUATION TRUE- IN OTHER WORPS, 
WE SEEK solutions; 



so we solve; 

5L + 8 = 23 
51=23-8 
5L = 15 

L = — 

5 

L = 3 


R'RRISHT... 
NOW WHAT 
WAS L A6AIN? 


SIIBTRKTW& S 
FROM BOTH SIPES 

ARITHMETIC 


PIVIPINA BOTH 

sipes gy s 


arithmetic 




RI6HT OVER THERE IT SAVS THAT l IS THE LEN&TH OF ONE SHELF. 
SO WE'VE SHOWN THAT EACH SHELF IS 3 FEET LOME-. 



AMP WE CHECK-. 

5(3) + Q l 23 
15 + S I 23 
23 * 23 

V" 
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TOTAL PAY, *104 
TOTAL HOUR* WORKER 0 

PIFFERGWE BETWEEN 
MOMQ'* HOURLY ANP 
£ELlA’* HOURLY, *2 



dELIA* HOURLY WA6E 
MOMO'* HOURLY WA6-E 



ALTHOUGH WE *EE TWO UNKNOWN*, WE PON’T HAVE TO A**fcN LETTER* TO BOTH OF THEM, 
BE£AU*E THEY’RE *0 £LO*ELY RELATED LET’* *TART WITH DELIA'S HOURLY WA6E- CALL IT w. 
WE KNOW THAT MOMO’* HOURLY WA&E I* *2 MORE THAN CELfA’*, OR w+2. 


W = CELIA’* HOURLY 
WA6-E IN POLLAR* 

W+2 = MOMO’* 

HOURLY WA6E IN 
POLLAR* 
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^THE PROBLEM TELLS US THE TOTAL PAY 
FOR 0 HOURS’ WORK. LET'S WRITE 
EXPRESSIONS IN iv FOR EACH SJRL'S 
EARNIN6S Ik 0 HOURS. 

8w m njnw 

8(w+2) EARNING 

8W+8(W+2) TOTAL EARNING 

THE EOLATION IS THE STATEMENT THAT 
THIS AOAWEP AMOUNT EQUALS *104. 

8w+8(w+2) = 184 



"\ 


TO SOLVE IT, WE HAVE TO S-ET RIP OF PARENTHESES. 


8w+8w+16 = 184 
16w+16 = 184 
16w = 168 


w = 


168 

16 


pi^rftiBirrjve 

LAW 

CQMMH& 

TERM6 

*Un?A£1W 16 

FROM BOTH 


C?fV!PPM& BOTH 
BY 16 


w = 10.5 





AS BEFORE. WE HAVE TO REMEMBER WHAT tv IS.' THAT’S WHY WE WROTE IT DOWN. 
w - DELIA'S HOURLY WA6E- SO OEUIA MAKES *10.50 PER HOUR, ANP MOMO MAKES 
tv+2 * *12.50 PER HOUR. 



PIP THAT 
ANSWER YOUR 
QUESTION? 


NO, THE QUESTION IS— 
WOULP yOU LENP ME 
TWENTY UNTIL PAYPAY? 


AMP WE £HECK.„ 


6(10.5) + 0(12,5) £ 
04 * 100 l 


104 = 


104 

104 

104 
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Example 3, Competing Claims ♦ CELIA AMI? JESSE PESI6M A FRIEHP'S WEE SITE 

FOR A TOTAL PAV OF *1 90. CELIA THINKS SHE PIP *110 WORTH OF WORK, AMP JESSE THJMKS HE 
PESERVES i90. UM FORTUM ATE Ly, THEIR PEMAHPS APP UP TO $100... 




OWE WAY WOULP EE FOR EACH TO SACRIFICE THE 

same AMOUMT. 


I'LL &IVE UP 
X POLLARS IF 
you WILLf 
SOUNP FAIR? 



LET'S SEE HOW THAT WOULP LOOK. 



CELIA WANTS 1 10 

JESSE WAMTS 90 

TOTAL AVAILABLE IS 1 SO 

EACH SIVES UP THE SAME AMOUNT 



AMOUNT &rV£M UP 

AMOUMT EACH (LETS IM THE ENP 


A&AIN WE START WITH A SIMPLE VARIABLE, THE 
AMOUMT TO BE GIVEN UP. CALL IT X. 



U 































THESE QmttelOM PQtCmt HOW 
MOWEy EA£H PERSON WILL HAVE AFTER 
THE CUT. 


am WILL HAVE 120-x 
JESSE WILL WAVE 80-x 


THE FfFFER- 
EN££, ePLlT 


THE EQUATION JS THE STATEMENT THAT 
THE4E AMOUNTS MUST APP TO mO, 

(120-x)+{80-x) = 180 

WWCH WE SOLVE EASILY 

200-2x = 180 
2x = 200-180 
2x = 20 
x = 10 

EACH SIDE WOULP SIVE UP *10. IN OTHER 
WORPS, THEy WOULP "SPLIT THE PIFFER- 
EkCE." (THE PIFFERENCE 14 20 AkP THEy 
EACH SIVE UP HALF; 20/2 * 10.) 




KkOWINS X, THE CUT, WE FINP EACH PERSON'S FINAL AMOUNT By SUBTRACTINS THE CUT FROM 
THE ORISJNAL CLAIM. CELIA WOULP SET *{12 Q-X) - *120- *10 - *110, ANP JESSE WOULP SET 
*(S 0-x) =■ *60' *10 =■ *70. FAIR? JESSE POESM'T THINK SOI 


WELL, WHY 
NOT??.'' 
AFTER ALL 
THAT WORK' 



HOW CAN I EXPLAIN THIS? 
80/120 - 2/3... so My 
ORIGINAL CLAIM WAS 2/3 OF 
yOURS... BUT 70/110 IS A 
SMALLER FRACTION, 0<kYrr? 


ANP IT’S TRUE, 

70 < 80 
110 120 

AFTER SPLlTTlkS TWE PlFFER- 
ENCE, JESSE WOULP SET 
LESS RELATIVE TO SELIA- 


77 



















EQUAL 
SHRINKAGE.' 


ONE WAY TO SETTLE THE PROBLEM OF 
COMPETING CLAIMS 1$ TO SPLIT THE 
PIFFERENCE, WHICH WE PICTUREP AS A 
PROCESS OF CUTT[N6. EACH CLAIM WAS 
CUT By THE SAME AMOUNT, NOW JESSE 
SU&&ESTS ANOTHER POSSIBILITY. 


A 


V 


y 


HERE'S THE (PEA: THE TWO CLAIMS APP UP 
TO HOO , LIKE THIS. 

120 SO 

L—H "" 


/"-*\ 

PLEASE RECALL: ON PA&E 26, WE 
SAIP THAT SCALING UP ANP POWN 
IS PONE BY MULTIPLICATION. 

^_._ J 


NOW INSTEAP OF CUTTIN6 OFF BITS, 
IMAGINE SQUEEZING THAT PICTURE... 



UNTIL ITS LEN6TH SHRINKS TO 160, THE 
AMOUNT OF MONEy ACTUALLY AVAILABLE. 


NOW THE SPLIT LOOKS THE SAME AS BEFORE, 
ONLY SMALLER, LIKE A REPUCEP PHOTO. 
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IN OTHER WORPS, WE WANT TO MULTI PLY 
BOTH CLAIMS BY THE SAME SHRINKAGE 
FACTOR, A NUMBER THAT IS STILL 
UNKNOWN. CALL IT r, FOR RATE. 

r = SHRINKAGE FACTOR 

WE MULTIPLY THIS FACTOR TIMES EACH 
CLAIM TO CET THE FINAL SETTLEMENT 
AMOUNT. 

CELIA'S AMOUNT: 120r 
JESSE'S AMOUNT: 80r 


ANP NOW WE’RE 
AT THE MERCV 
OF THE MATH... 


V 


HE/, ARE YOU CONN A 
PO ALCEBRA, OR LET 
AL6EBRA <70 you? 


AS BEFORE, THE EQUATION SAYS THAT 
THE SUM OF THESE JS EQUAL TO $100. 

120r + 80r = 180 

THIS IS AM EASy EQUATION TO SOLVE. 



r 


120r+ 80r = 180 

200r = 180 
180 
200 






NOW CELIA CETS 

t20r * —Cl 20) = $108 
10 

ANP JESSE &ETS 

90r = —(60) ^$72 

10 

WHICH APR TO $160, WHICH CHECKS 
THE SOLUTION. 


NOTE THAT JESSE PIP BETTER THIS WAY, ANP CELIA PIP WORSE, THAN By SPLITTING THE 
PIFFERENCE. 


WELL, OKAY! 
$2 MORE FOR 
THE Bf£ m\ 



BUT POESM’T THAT MEAN 
I CAVE UP MORE OF MY 
CLAIM THAN HE PIP? 


CELIA IS RICHT. THIS WAY SHE SEES 
$12 CUT FROM HER ORIGINAL CLAIM, 
ANP ONLY $0 CUT FROM JESSE’S. 
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COMPETING CLAIMS CAN ALSO ARISE WHEN SOMEBOPy PIES IN PEST. Br& BOB HERE WAS MAVTM6 
HIS HOUSE REMQPELEP WHEN HE HAP THE BAP LUCK TO EXPIRE, QWIN6 FREP THE BUILPER 
$2.5 MILLION ($2300,000), MEANWHILE, BI6 BOB'S HOUSEKEEPER RITA SAYS SHE WAS PROM- 
I SEP HALF A MILLION ($500,000) ON AMOUNT OF THEIR “VERX SPECIAL RELATIONSHIP," 
UNFORTUNATELy, THERE'S ONLV $1 MILLION IN BOB'S BANK AMOUNT. HOW PO THEy SETTLE? 



^THE TWO CLAIMS TOTAL $? MILLION, IF FREP ANP RITA SPLIT THE PIFFERENCE, THEN EACH 
OF THEM WOULP &IV£ UP HALF THE PIFFERENCE BETWEEN THE TOTAL CLAIM ANP THE 
AMOUNT AVAILABLE. (ALL THIS NUMBER X, 


x ~ ±($1,000,000-$1,000,000) 


ANP RITA THE HOUSEKEEPER '6>ETS" 


= $ 1 , 000,000 

BLlNPLy FOLLOV/lWC THE FORMULA, 
FREP THE BUILPER CALCULATES HIS 
SHARE AS 

$2.5 MILLION - x = 

$2.5 MILLION - $1 MILLION = 
$1,9 MILLION 


V 


$500,000 - x = 
$500,000 -$1,000,000 ~ 

- 000,000 



SPLITTING THE PIFFERENCE LITERALLy WOULP 
FORCE RITA TO PAY $500,000, WHICH FREP 
WOULP POCKET IN APPlTfON TO THE MILLION 
POLLARS FROM PEAP BOB) FAIR? 


PEATH IS 
MORE CRUEL 
THAN I KNEW. 



SO 


















































IN REAL LIFE, OF 

course, this woulp 

NEVER HAPPEN. AT 
WORST, RITA WOULP 
SET NOTHING AMP 
FREP THE BUILPER 
WOULP TAKE THE 
WHOLE MILLION, 
WELL SHORT OF 
WHAT HE’S OWEP. 



ON THE OTHER HANP, THEY COULP PIVfPE THE ESTATE BY APPLYING A SHRINK FACTOR r TO 
THEIR CLAIMS- THIS WAY FREP WOULP SET t2.500.000r, RITA WOULP SET 1500.000r. 
AMP THESE NUMBERS MUST TOTAL $3 MILLION, 


2,500.000r + 5Q0,000r = 3,000.000 
5r+r - 2 pivipins both 

SJPES BY 'fOO.OQO 

6r = 2 



TO THE NEAREST POLLAR, THEN, 
FREP’S TAKE WOULP BE 

^(* 2 , 500 , 000 ) * 

AMP RITA'S; 

^CiSOO.OOO) * S1S6.SS7 


RITA POES SET SOMETHING, BUT FREP LOSES 
EVEN MORE MONEY. THE BUILPER IS MOW OUT 
t2 ,500,000 - = $I,SSS,G£7. 



ANP she 
LOSES 
MOTH I NS 
BUT A 
PROMISE 




THIS PROBLEM ALSO COMES UP IN 
BANKRUPTCY. WHEN A PERSON OR 
COMPANY SOES BROKE OWlNS MONEY... 
AWP I HOPE YOU SEE THAT MATH 
ALONE CAN’T PECJPE WHAT’S ''FAIR" 
EVERY TIME. THAT’S WHY BANKRUPTCY 
ANP INHERITANCE ARE HANPLEP BY LAW 
COURTS, NOT BY MATH PROFESSORS. 











































Problems 

1, MOMO OWES $5 TO JESSE ANP $10 
TO KEVIN, PUT SHE HAS ONLY $9 IN HER 
POCKET. HOW MUCH SHOUlP SHE PAT SO 
THAT EACH REVIVES THE SAME FRACTION 
OF WHAT HE’S OWEP? 

2, CELIA EARNS ll/HR MORE THAW MOMO. 
MOMO MAKES AS MUCH IN 10 HOURS AS 
CELIA MAKES IN 3 HOURS, HOW MUCH PO 
THEY EACH MAKE PER HOUR? 

3, JESSE EARNS $3/HR MORE THAN KEVIN. 
AFTER WORKING 9 HOURS, JESSE GIVES 
KEVIN 10% OF HIS PAY, AFTER WHICH THEY 
HAVE EQUAL AMOUNTS. WHAT ARE THEIR 
HOURLY WAGES? 


A, A PICTURE FRAME IS TWICE AS TALL AS IT 
IS WIPE. THE TOTAL LENGTH OF THE WOOP 
THAT WENT INTO IT WAS 66 INCHES- HOW 
LONG ARE THE SIPES OF THE FRAME? 


5. A PICTURE 
FRAME IS 4/9 AS 
WIPE AS IT IS 
LONG. THE TOTAL 
LENGTH OF LUMBER 
WAS 303 INCHES, 
PUT THERE WAS A 
9' PIECE LEFT 
OVER. WHAT ARE 
THE PIMENSIONS 
OF THE FRAME? 



i. IF A PlSCOUNTEP ITEM ORIGINALLY PRICEP 
AT iA HAS A SALE PRICE OF tB, WHAT IS THE 
PERCENT PISCOUMT, IN TERMS OF A AMP B? 



7a, WRITE AN EXPRESSION FOR THE AMOUNT 
OF MONEY n NICKELS ARE WORTH. 

7b, WRITE AN EXPRESSION FOR THE AMOUNT 
OF MONEY m PIMES ARE WORTH. 

7C. IF 1 HAVE TWICE AS MANY PIMES AS 
NICKELS, ANP THE AMOUNT OF MONEY IS 
$1.75, HOW MANY NICKELS PO I HAVE? HOW 
MANY PIMES? 



8. JESSE STARTS WITH $4.00. HE GIVES 
CELIA SOME QUARTERS ANP HALF AS MANY 
PrMES, ENPING UP WITH $1.60. HOW MANY 
QUARTERS ANP PIMES PIP HE GIVE? 


9. A ROW OF TREES EXTENP5 AWAY FROM A HOUSE. THE PlSTANCS FROM TREE #1 TO TREE *1 IS 
TWICE THE PISTANCE FROM THE HOUSE TO TREE *h THE PJSTANCE FROM TREE #2 TO TREE *3 IS 
TWICE THE PISTANCE FROM TREE #1 TO TREE #2; ANP SO IT GOES, THE PISTANCE BETWEEN EACH 
APJACENT PAIR OF TREES BEING TWICE THE PISTANCE BETWEEN THE PREVIOUS PAIR. IF THE PISTANCE 
FROM THE HOUSE TO THE FIFTH TREE IS 930 FEET, HOW FAR FROM THE HOUSE IS THE FIRST TREE? 



ft?. BIG AL ANP LITTLE BENNY ROB A BANK. AL GIVES BENNY 
$1,000 ANP KEEPS $2,733 FOR HIMSELF. WHEN BENNY 
COMPLAINS, AL MAKES HIM AN OFFER: THE NEXT MONEY THEY 
STEAL WILL BE SPLIT 1/4 TO AL ANP 3/4 TO BENNY, UNTIL 
BENNY HAS HALF AS MUCH AS AL. HOW MUCH PO THEY NEEP 
TO STEAL BEFORE BENNY’S TOTAL REACHES HALF AL'S? 



32 
























Chapter 7 

More Than One Unknown 


Rcal tv i« full of 
VARIABLE*. HEIGHT* AWP 
WEl&HT* RISE AMP FALL. 
PRrCES frO UP ANP 
(SOMETIME*; POWN... 
THE WORLP I* ALWAV* 
AHAN&IMG- IM COU MTLESS 
WAy*,.. SO SHOULPM'T 
WE LET AT LEAST OWE 



LET’* START WITH A (CARPENTRY PROJECT. £ELIA &0E* TO THE HARPWARE STORE FOR 
SOME MAIL*. SHE WEEP* TWO PiFFERENT KINPS, BRA** AMP IRON. 



SB 























FOR SOME REASON OR OTHER, SHE AMP TAKES THEM TO KEVIN'S WDDP SHOP. 

TOSSES THEM ALL INTO THE SAME BAG... 




KEVIN IS MOT HAPPY! HE WANTS TO KNOW HOW MANY MAILS Of EACH K1HP £EUrA BOUGHT.' 



ANP PON’T 
: MAKE ME 
COUNT 'EM 
ALL, PLEASE! 
___/ 


KEVIN'S FIRST IPEA IS TO WEIGH THE MAILS. THE 
SCALE TELLS HIM THEY WEIGH 900 GRAMS. HE 
ALSO FINPS THAT ONE BRASS MAIL WEIGHS 3 
GRAMS, WHILE ONE IRON NAIL WEIGHS 4 GRAMS. 


NOW HE GETS ALGEBRAIC. HE LETS 

B ~ the number of brass nails 

I = THE NUMBER OF IRON NAILS 



THEN IB IS THE WErGHT OF ALL THE 
BRASS NAILS, IN GRAMS, ANP 41 IS 
THE WEIGHT OF ALL THE IRON NAILS, 
ALSO IN GRAMS. THE SUM OF THESE 
EXPRESSIONS IS THE TOTAL WEIGHT, 
900 GRAMS, ANP THIS STATEMENT 
BECOMES AN EQUATION. 


S4 


(D 39 + 41 = 900 



















PfEVlk TRIES S0LVIN6 FOR B. 


m 


19 + 41 ^ 900 
19 - 9 00 - 4r 


e = 300- ji 


/EQUATION t> 

(SUBTRttTIWfr 41 
FROM BOTH S«?£S) 

fPMPINS BOTH 
SIPES By V 


IkSTEAP OF FlkPlkS A NUMBER, HE 
SETS AW EXPRESSION INVOLVTNS I. 
Ik EQUATION (2), KEVIN HAS 
SOLVEP FOR B “IN TERMS OF I” 
SO WAT'S B? KEVIN AMP £ELlA 
ARE LEFT S£RAT£HfkS TMEIR 
HEAPS. 



Ik FACT, MANY POSSIBLE VALUES 
OF 9 AMP r SOLVE EQUATION %. 
FOR INSTANCE, IF WE SIMPLV SUESS 
THAT X - 10, WE £AN PLUS THAT 
IkTO (2) AkP FJNP 

B =• 300 - Jc 10) 

7 


s 100 ■ 
= 2 60 


40 


HERE ARE A FEW 
SOLUTIONS-BUT 
BV NO MEANS 
ALL OF THEM! 


AMP THIS PAR OF VALUES, X * 10, 

B i= HO, SOLVES EQUATION I, AS 
WE SEE 0y PLUSSINS THEM rN- 

1(260) + 4(10) 

* 7 bo + no 

= 900 

IF WE HAP Pf£KEP SOME OTHER 
VALUE OF I, SAy I s 91, THEN 

9 = 100 - 1(91 ) 

9 * 100 - 124 = 176 

ANP you £Ak £HE£K THAT THIS PAIR OF 
VALUES ALSO SOLVES EQUATION fl). 

FOR ANy VALUE OF I, THERE IS A 
AORRESPONPINS VALUE OF 9. THE 
equation has MANY SOLUTIONS. 




X 

9 

19 + 41 

1 

296 

9 00 

6 

292 

900 

9 

200 

9 00 

12 

204 

9 00 

91 

176 

9 00 

99 

160 

9 00 

2 00 

n\ 

9 00 
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CAN KEVIN EVER FfNP B m I USIN6 AL6EBRA? JU-5T MA/BE... BECAUSE CELIA MAS SOME 
MORE INFORMATION; SHE REMEMBER THE COST OF THE NAILS' 



KEVIN SETS UP A NEW EQUATION, 
ALL NUMBERS ARE IN CENTS. 

38 =■ COST OF BRASS NAILS 
11 - COil OF IRON NAILS 

THE TOTAL COST - COO CENTS OR 
t6.00, IS THE SUM OF THESE. 


(3) 


W + %1 * 600 


STILL USIN6. A 
PENCIL JNSTEAP 
OF A HAMMER' 



THE FIRST EQUATION WITH TWO VARIABLES HAS MANY SOLUTIONS. CAN IT BE THAT A SECONP 
EQUATION WILL NARROW THE POSSIBILITIES TO A SIN6LE PAIR OF NUMBERS, THE ACTUAL ANSWER? 
CAN WE FINP VALUES OF B ANP I THAT SATISFY BOTH EQUATIONS AT THE SAME TIME? 


























TWO EQUATIONS IN TWO VARIABLES 

*TART WITH TWO 
EQUATION* UKE THI*: 

ax + by^-e 
cx + dy~f 

HERE fl, b, c, d, <?, ANP f CAN BE ANY NUMBER*, AMP x AMP y ARE THE VARIABLE*. MOTE 
THAT THERE ARE MO TERM* INVOLVING PROPUCT* OF VARIABLE* LIKE xy OR xx OR x/y, 
JU*T x AMP y ALONE, WITH CON*TANT £0EFFICIENT*. WE’VE JU*T *EEM AN EXAMPLE- CELIA 
AMP KEVIN’* CARPENTRY EQUATION* (NOW U*IN6 X ANP y IN*TEAP OF B ANP I). 



3x + Ay = 900 
3x +2y = bOO 



WE WILL WOW SHOW THREE 
AFFERENT WAy* TO SOLVE THIS 
PAIR OF EQUATIONS—THREE! AMP 
THESE THREE MOT ARE WALLER. 


J 





8®B® 

wp 

asffiw 


AMP, UM, WELL, THE THIRP WAY 
POESN’T EWTiy HAVE A NAME., 
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START B¥ USIN6 EQUATION 5 TO 
SOLVE FOR y IN TERMS OF x. 

(<?) lx + 2y = 600 

2y - 600 - lx 

(6) y * WO -~x 

1 

$\M£ y ft THE A* THAT 
EXPRESSION IN X, WE £AN 
SUBSTITUTE IT FOR y IN 
EQUATION 4. 



Substitution 


A&AIN, START WITH 
THESE EQUATES; 


< 4 ) 3 * + Ay ^ 900 
(5) 3x + 2y » 

WE SEEK VALUES OF X ANP y THAT 
SOLVE BOTH EQUATIONS SIMULTANEOUSLY^. 



NOW WE HAVE AN EQUATION IN 
ONE VARIABLE, X ALONE. 

9* + 4f300-|x) - 900 

lx + \2QQ-U*90Q 

6x-lx *1200 - 900 

lx * 100 

x * 1 00 

ANP y? THE VERT RRST STEP 
WAS TO FfNP y IN TERMS OF X. 

(6) y *100 - \x 

y * 100 - | CIOO) 

y *100 - 1 10 

y * 1 10 


SO THE ANSWER IS 

X * 100 (BRASS NAILS) 
y * MO (IRON NAILS) 


ANP WE £HEOC THAT THIS 
SOLUTION SOLVES BOTH 
EQUATIONS. 

(4) ?(100)+ 4(150) i 900 

500+600=900 

(5) 3 (100)+ 2(150) ±600 

100 + 100*600 
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Elimination 

the substituti on 

METHOD GETS RIP 

of (“eliminates"} 

ONE VARIABLE IN A 
RATHER ROUNDABOUT 
WAV. THIS METHOD 
GOES STRAIGHT TO 
IT! 


td 

C3 


C3 

a 


IF WE SUBTRACT THE LEFT SIDE OF ONE EQUATION FROM THE LEFT SIDE OF THE OTHER, 
THOSE 3x TERMS WILL CANCEL OUT. LET'S TRY THAT SUBTRACTION. 


cm 







SUBTRACTING LEFT FROM LEFT ANP RIGHT FROM RIGHT, WE'RE STILL TAKING AWAY EQUAL 
THINGS FROM EQUAL THINGS-SO THE RESULTS MUST BE EQUAL TOO! 


NOW X IS ELIMINATED, AND 
WE HAVE FOUND 

2y = WO 

y*W 

FIND x BY PLUGGING IN 
ISO FOR y IN EITHER OF 
THE ORIGINAL EQUATIONS. 

(4) ?x + 4y = 90O 

3x + 4(150} * 900 

+ 600 = 900 

Zx = WO 

x ^ 100 
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Method 3 

THrS ONE MI&HT BE CAL1.EP 
“FINP y 7WE." THE EQUATIONS 

(4) ?x + 4y ^ 900 

(5) 3x + 2y * 6(90 

ALLOW US TO ‘SOLVE FOR 
y IN TERMS OF x fM TWO 
PIFFERENT WAYS. 



THE EXPRESSIONS {(900-3x) ANP {(600-3x) APE BOTH EQUAL TO y, SO THEY MUST BE 
EQUAL TO EA£H OTHER. 




WE SOLVE IT WITHOUT MUiH FUSS; 

^(900-3x) * {(600 -lx) 
9 00 - lx = 1(600 - 3x) 

900 - 3x - 1200 - 6x 
6x-3x* MOO -900 
3x = 300 
z ^ 100 

FINP y FROM EITHER (6) OR (7) 

BY PLU&&IN6 IN 100 FOR X. 

y * {(600 - 3x) 
y = i(600-C3)C100» 
y = {(300) 
y = ISO 





J 


90 

















More About Elimination 

IN THE BRA**-TACK* PROBLEM, BOTH EQUATION* HAP A TERM, 3x, THAT WA* EA*Y TO 
ELIMINATE ?ECAU*E JT HAP THE *AME COEFFICIENT, 3, IN BOTH EQUATION*. IT’* AL*0 EA*Y 
TO ELIMINATE A VARIABLE WHEN IT* COEFFICIENT* ARE PIFFEPEWT, LIKE, SAY, THESE; 


C«) 

(9) 





SUBTRACTING 
WON'T ELIMINATE 


x OR yt 


wy 



THE IPEA I* TO MULTIPLY THE EQUATION* BY NUMBER* THAT PROPUCE THE SAME COEFFICIENT 
FOR ONE OF THE VARIABLE*. HERE, FOR INSTANCE, WE CAN MULTIPLY THE TOP EQUATION BY 
3 AMP THE BOTTOM BY 2, PROPUCING THE TERM 6y IN BOTH. 


3 x (5x+2y = 13) 
2x(2x+3y=14) 


15x + 6y 
4x + 6y 


39 

28 


_ J 


NOW *DBTRACT A* 

BEFORE, ANP THE 6y 
TERM* WILL CANCEL. 

15* + 6y* 39 

- ( 4 x + 6y *23) 

11 * = 11 

* s 1 

THEN FIWP y BY SUBSTI¬ 
TUTING x = 1 IN EITHER 
EQUATION 9 OR 9: 

(9) Zx + 3y * 14 
2(1) + 3y * 14 
3y * 12 
y » A 

YOU CAN CHECK THE SOLUTION! 


\ 

THE NEXT BEST 
*OLUTION TO A 
*OAP *OLUTJONf 



I PER*ONALLY PREFER 
ELIMINATION TO THE 
OTHER TWO TECHNIQUE*. 
If* NEATER ANP LE** 
ERROR-PRONE... ANP A* 
YOU CAN *EE ON P. 39, 
PESCRlBlNG ft Ik CAR¬ 
TOON* MAKE* FOR A 
MUCH CLEANER PAGE 
LAYOUT, TOO, ALWAY* A 
GOOP SIGN,.. 
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^ELIMINATION WORKS JUST AS WELL WITH NEGATIVE COEFFICIENTS. FOR EXAMPLE, 



_ J 


CAUTION: sometimes two 

EQUATIONS CAN LEAP TO FRUSTRATION. 
FOR INSTANCE, USING ELIMINATION ON 

x + y =■ 2 
2x + 2y - 4 

GIVES 

0*0 

NOT TOO HELPFUL! THAT’S BECAUSE 
THE SECONP EQUATION IS SIMPLY 
TWICE THE FIRST ONE. EVERY SOLU¬ 
TION OF THE FIRST (ANP THERE ARE 
MANY) ALSO SOLVES THE SECONP. 


ON THE OTHER HANP, THE PAIR 

x + y * 3 
x + y * 2 

LEAPS BY SUBTRACTION TO 
0 * 1 

A SURE SISK SOMETHING IS WRONG-! HERE 
THE EQUATIONS HAVE NO SOLUTION IN 
COMMON. HOW CAN TWO NUMBERS x ANP 
APP TO 2 ANP ALSO APP TO 3? NO WAY.,. 
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MORE? 


THE SAME TECHNIQUES CAN 

BE USEP TO SOLVE THREE 

(10) 

x + y + 2z = 4 

EQUATIONS IN THREE 

UNKNOWNS. 

(11) 

2x + y + z = 3 


(12) 

3x + 4y + 2z = 10 

WE CAN ELIMINATE y, FOR INSTANCE, 

ANP ALSO ELIMINATE y FROM 

FROM THE PAIR (10) ANP (11)... 


THE PAIR (10) ANP (12). 

(10) x + y + 2z = 4 


(4 x EQ'N 10) Ax + 4y + 8z =■ 16 

(11) -(2* + y + z * 1 ) 


(12) - (1* + 4y + 2z - 10 ) 

(11) -x + z = 1 


(14) * + Az = 6 


(1?) AMP (14) ARE A PAIR OF EQUA¬ 
TIONS IN TWO VARIABLES (x AN I? z), 
WHICH WE CAW SOLVE AS BEFORE. 

(11) -* + z = 1 

(14) x + 6z = 6 


7z = 7 

Z = 1 

PLU6 z = 1 INTO (11) TO FINP *. 

( 11 ) -* + 1=1 

x*0 

SOLVE FOR y, THE ONLy VARIABLE 
LEFT, By PLU6.6-IW& THESE VALUES OF 
* ANP z INTO ANY ONE OF THE 
ORIGINAL EQUATIONS. 

(10) 0 + y + (2)(1) = 4 

y = 4-2 

y=2 


ANP SO ON FOR 
4 EQUATIONS IN 
4 VARIABLES. 5 
EQUATIONS IN 
<? VARIABLES, b 
EQUATIONS IN.,. 


WHERE 
POES IT 
ALL ENP? 


rrr 


TW5 CHAPTER? 
Rl£HT HERE/ 



THESE VALUED SOLVE AIL THREE 
EQUATIONS. (YOU SHOULD £H££ICj) 


9 ? 
















Problems 

SOLVE THESE SETS OF EQUATIONS. 


x +■ y ^ 51 
x - y =■ 3 

5. 

x A 5 

j ^ 3 a 

0. 

i*-i„=5 

1 1 _ 



x + 7y = 1 


iy - -X = 7 

r + s * 104 





r - s = 5 

6. 

G.9r ' 4.2s = 14.7 

9. 

2t + 3u +2v =■ -1 



2r +■ 2.4? = 10.5 


'Gt - 5u - v ' '11 

bx + 9y - 42 




10b + w - II s 11 

15x - 2y - 7 

7. 

2p + 4cj - '10 



2p + Aq * -10 


3p - Aq = 3 

10. 2* + ?y + lOz =• 1G 
3x + 2z » 10 

3p - Aq = 3 




5x ' ?y - 2 


11a. FINP TWO NUMBERS WHOSE SUM IS 2? ANP WHOSE PlFFERENCE IS 9, 
b. FINP TWO NUMBERS WHOSE SUM IS 1,02* ANP WHOSE PlFFERENCE IS 19. 


12. A FI SHINS' BOAT 
BRINGS IN TWO KINP5 OF 

fish, bass anp cop. the 

PRICE AT THE POCK IS 
*2.25 PER POUNP FOR 
BASS ANP *1.95 PER 
POUNP FOR COP. TOPAZ'S 
CATCH TOTALEP 5.000 
POUNPS ANP SOUP FOR 
*10,450. HOW MAN/ 
POUNPS OF EACH KIWP 
OF FISH WERE CAUGHT? 



19. FINP TWO NUMBERS WHOSE SUM IS 
12.47* ANP WHOSE PlFFERENCE IS 17.511. 

14. IF I POUBLE JESSE'S AGE ANP APP IT 
TO CELIA'S, IT COMES TO 44. IF I POUBLE 
CELIA'S AGE ANP APP IT TO JESSE’S, THE 
SUM IS 4?. HOW OLP ARE CELIA ANP JESSE? 


15. MOMO HAS *7.00 WORTH OF NICKELS 
ANP QUARTERS. THERE ARE *4 COINS 
ALTOGETHER. HOW MANy OF EACH COIN 
POES SHE HAVE? 


1*. A TRUCK, STARTING WITH A FULL TANK OF FUEL, PRIVES A 10AP OF SAMP TO A 
CONSTRUCTION SITE. ALONG THE WAY, SANP SLOWLY LEAKS OUT A HOLE IN THE FLOOR. 
WHEN THE TRUCK ARRIVES, ITS WEIGHT IS FOUNP TO BE 110 POUNPS SHORT. 


WORKERS FILL THE TANK WITH FUEL ANP BILL THE PRIVER 
*24.00. IF THE/ CHARGE *4.00 PER GALLON OF FUEL ANP 
i.OG PER POUNP OF LOST SANP, HOW MUCH SANP LEAKEP 
OUT OF THE TRUCK? HOW MUCH FUEL PIP IT BURN? ASSUME A 



17. SOLVE FOR * ANP y 
IN TERMS OF a. 

ax + 2y = 3 
x + y = 2 
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Chapter 8 

Drawing Equations 


In ease you were 

W0NPERIN6, THIS ISN'T 
THE FIRST BOOK TO 
MAKE CARTOONS ABOUT 
ALGEBRA,,. N0.„ THAT 
HONOR OOES ALL THE 

way ua to the 

EARLY 1 (>00$, WHEN 
FRENCHMAN 


RENE DESCARTES 


rREH-NAY PAY-CART'; 
FIRST TURNED 1 ALSEBRA 
INTO DRAWING THAT 
WE MI&HT CALL 
"PESCARTOONS.” 


THIS ONE ALWAYS 
CRACKS ME UP! 
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pescartes wantep to 

PRAW THE RELATIONSHIP 
BETWEEN TWO VARIABLES, 
SO INSTEAP OF ONE 
NUMBER LINE, HE PREW 
TWO.,. ANP RATHER THAN 
RUNNING THEM SfPE By 
SIPE, HE CROSSEP THEM 
AT THEIR ZERO POINTS. 


2 


3 


A 


NOW THE WHOLE PLANE BECOMES A GRIP. EVERY POINT IS PROVIPEP WITH AM “APPRESS" 
CONSISTING OF TWO NUMBERS IN ORPER, LIKE THIS; (x, y). THE FIRST NUMBER SAYS WHERE 
THE POINT IS HORIZONTALLY ON THE GRIP. THE SECONP NUMBER WHERE IT IS VERTICALLY. 
THE POINT WHERE THE NUMBER LINES CROSS, CALLEP THE ORIGIN, HAS APPRESS CO, 0). 





1 1 1 










l 1 
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C-9,3) 








■ V 
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iy 
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m. 
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__ i 
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-S 
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(I -1) 
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THE HORIZONTAL NUMBER LINE 1$ OFTEN CALLEP THE *-AXI5 AMP THE VERTICAL NUMBER LINE 
THE y-AXl$. THE TOO NUMBERS OF A POINT'S APPRESS ARE CALLEP ITS * COORDINATE AMP 

its y-COORDINATE- to Finp a point’s x-coorpimate, follow a vertical line from the 

POINT TO THE x-AXlS, TO FlNP ITS y-COORPiNATE, GO HORlZONTALLy FROM THE POINT TO 
THE y-AXlS. 











y-AXI* 

& 



































4 



to 

A\ 










T* ■ 


p 
























I s 1 




































POINTS ON THE x-AXlS ALL HAVE 
COOR Pi NATES OF THE FORM (x, 0), 
WHILE POINTS ON THE y-AXlS HAVE 
COORPINATES (0,y). 




















X-AXIS 


IF A CITY WERE LAIP OUT LIKE THIS (ANP MANY ARE-CHECK OUT A MAP OF NEW YORK CITY'S 
Manhattan;, you mi&ht say that the point (x, y) is at the intersection of x avenue 
ANP y STREET. OF COURSE, OUR “CITY" HAS FRACTIONAL ANP IRRATIONAL STREETS, TOO... 



97 





























































































WOW LET'S PICTURE A SrMPLE EQUATION, 
y ~ X. A PAIR (X, y) SATISFIES THIS EQUA- 
TIOM WHEW THE TWO COORPI NATES X AMP y 
ARE EQUAL TO EACH OTHER. WE MARX' All 
THE POINTS WHERE X* y, SUCH AS f£), 0), 
(1,1), (-3.14,-3.14), ANP ALL THE REST. 
THESE POINTS LIE ON A STRAI&HT LINE CALLED 
THE EQUATION'S 6RAPH. 



IF yOU LAY A STRAINHTEPiEE AGAINST THOSE 
POINTS, YOU’LL FlNP THAT THEY LrE OW A 
STRAIGHT LINE. EVERY POINT ON THE LINE 
SATISFIES THE EQUATION y *lx. THIS LINE IS 
THE 6RAPH OF y * 2x. AS YOU SEE, IT’S 
STEEPER THAN THE (ERAPH OF y = X. 


NEAT WE “6RAPH” THE EQUATION y=2x. BE&IN 
BY FILLINS IN A SMALL TABLE WITH A FEW VALUES 
OF X ANP y. WE CAN PICK ANY OLP VALUES OF 
X-, IT POESN'T MATTER. 



HERE ARE THE GRAPHS OF EQUATIONS y - mx 
FOR SEVERAL VALUES OF m, ALL OF THEM 
PASS THROUGH THE ORlElN (WHY?), ANP LARGER 
VALUES OF m MAKE STEEPER LINES. WHEN m 
IS NEGATIVE, THE lERAPH SLOPES ''BACKWARD," 
J.E., IT 60ES DOWN TO THE RHEHT. 
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WOW ABOUT THE EQUATION y +2? 
6IVEW AMy VALUE OF X, APC? 2 TO FINE? y, 
STARTING AT ANY POINT x ON THE Jf-AXI*, 
60 X UNIT* VERTICALLY, THEN UP TWO 
UNIT*. 



6IVEN AMY NUMBER a, THE 6RAPH OF 
px + fl LOOK* LIKE THE 6RAPH OF 
y = X *HIFTEP VERTICALLY a UNIT* 
(UP IF a >0, POWN IF a< 0). 


I HOPE YOU CAM *EE THAT THl* 6RAPH 
LOOK* EXACTLY LIKE THE 6RAPH OF 
THE EQUATION y a x, BUT *H!FTEP TWO 
UNIT* UPWARP. 



IN THE *AME WAY, IF m I* ANY NUMBER, 
THE 6RAPH OF 

y * m* +- b 



I* IDENTICAL TO THE 6RAPH OF y - mx, 
BUT *HIFTEP b UNIT* VERTICALLY- 
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MOW LET'S THINK A LITTLE PIT ABOUT 
STEEPNESS OR SLOPE- AWE TOUVE 
SEEN ft ROftP SI6M LIKE THIS ONE: A 
10% UPHILL (JRADE MEANS THE 
ROAP CLIMBS 0,1 MILE FOR EACH 
MILE OF FORWARD (HORI¬ 
ZONTAL) PROGRESS. 


T 

o.i 

MILE 


1 MILE 


■» 


THE 61?EATER THE 
HEI6HT yOU HAVE TO 
CUMB (THE "RISE") FOR 
ft 6IVEN AMOUNT OF 
FORWARD PR06RESS 
{THE "RUN"), THE 
6REATER YOUR EFFORT 
ANP THE STEEPER THE 
SLOPE. 



A LINE’S SLOPE, THEN, IS MEASURER W 
* PIVIPIN6 ITS RISE By ITS RUN, 



c=f 

Cl 




RISE 


I’M RISIN6, BUT 
I’M SURE AS HECK 
NOT RUNWIN6-. 
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r \N THE USA, INTERSTATE HIGHWAY GRAPES 
AREN'T SUPPOSE? TO EXCEEP 6%, BUT 
LOCAL ROAPS MAY BE STEEPER— AMP OUR 
THOUGHT-LINES CAM BE STEEPER 5-TILL. A 
GRAPE OF 100 % WOULP RISE ONE MILE 
EVERY MILE COR A FOOT EVERY FOOT, OR 
TEN METERS EVERY TEN METERS, ETC). 



AMP WE CAN GO EVEN STEEPER... 
THERE'S NO LIMIT ON THE SLOPE' 





J 


SLOPE CAN 60 POWNHILL, TOO, AMP THE IPEA IS THE SAME-THE FARTHER YOU PROP FOR 
EACH UNIT OF FORWARP PROGRESS, THE STEEPER IT IS, IN A NEGATIVE SENSE, 


“RISE 


THIS TAKES 
THE OPPOSITE 
OF EFFORT' 



WHETHER UPHILL OR POWN, 
THE MATH IS THE SAME; 

PIVIPE THE CHANGE IN 
ALTITUPE (POSITIVE OR 
NEGATIVE) BY THE FORWARP 
PROGRESS. GOING POWMHlLL, 
THE “RISE" IS REALLY A PROP, 
SO IT COUNTS AS NEGATIVE. 


NOW LET'S SEE HOW THIS 
LOOKS USING ALGEBRA. 
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Slope and Intercept 


SlVEN AN EQUATION y-mx + b, WHAT 
DO THE NUMBERS m AND b TELL US 
ABOUT THE 6RAPH? START WITH b. 

WHEN x = 0, THE EQUATION SAYS 

y = m(0) + b 

= b 

SO THE POINT CO, b) IS ON THE 
UNE. IN OTHER WORDS, b IS 
WHERE THE UNE CROSSES THE 
y-AXIS. THE NUMBER b IS CALLED 
THE y-INTERCEPT OF THE UNE. 



y =-mx + b 


y-mx 





ANp NOW nr. WE SAW ON P. 99 THAT m HAS 
SOMETHING TO 90 WITH A LINE’S SLOPE. SO 
LET’S CALCULATE THE SLOPE. WE TAKE TWO 
POINTS ON THE LlME-ANY TWO POINTS-AND 
DIVIDE THE RISE BY THE RUN. IF THE POINTS 
HAVE COORDINATES (x fl y,) AND Cx 2 , y 2 ),* 
THEN THE RISE IS y 2 -y, AND THE RUN IS 

Xj - Xj ■ 


LYIN6 ON THE LINE, BOTH 
POINTS’ COORDINATES 
SATISFY THE EQUATION. 

y r - mx, + b 
y 2 = mx 2 + b 

SUBTRACT y, FROM y 2 TO 
FIND THE RISE. 


y 2 - y, - mx 2 - mx, 
- m(x 2 - x,) 



(b cancels; 

(DISTRIBUTIVE LAW) 


SINCE x 2 -x, ISN'T ZERO, WE CAN 
DIVIDE BOTH SIDES BY THIS NUMBER 
TO &ET THE RISE OVER THE RUN: 

y *' y t - ^ 

Xj-Xi 


THAT MONSTER ON THE LEFT IS 
CALLED THE DIFFERENCE QUO¬ 
TIENT. THIS EQUATION SAYS THAT 
THE DIFFERENCE QUOTIENT IS 
mm m, FOR AN/ TWO POINTS 
ON THE UNE. in |$ THE SLOPE!' 


"READ AS “EX-ONE," “WYE-ONE," “EX-TWO," "WYE-TWO." NO ARITHMETIC TS IMPLIED BY THE LITTLE SUBSCRIPT 
NUMBERS | AND 2 . THEY ARE SIMPLY LABELS TO IDENTIFY WHrCH OF THE TWO DIFFERENT POINTS “OWN" THE 
COORDINATES- X, IS THE x-COORDINATE OF THE FIRST POINT, AND SO ON. 
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THE EQUATION y-mx+b i$ IN 

SLOPE- 

INTERCEPT form. 

we CAN Re At? A &RAPH s S SLOPE AWE? 
yHMTERCEPT mGCTLY FROM THJS 
EQUATION, IT TELL* US HOW STEEP 
THE &RAPH IS, AMU HOW FAR ABOVE 
OR BELOW THE ORteJM IT PASSES. 

IT ALSO UlREaiV 6IVES US THE 
VALUE OF y FOR EACH VALUE OF X. 



Example. »aph m 

6x -2y * 5 

ANP FINP IT 4 1L0P£ 

ANP y-INTERCEPT. 

SOLUTION; FIRST 

iE £ 

:OUA J 

n oi 






USE AL6>£m TO 










REWRITE THE 



if 






EQUATION IN SLOPE- 







// 


ii 



-T 




/ ^ 

‘•i" 

INTERCEPT FORM. 





























6x -2y -5 




















-2y = -A* + 5 










„ % 







2 





J 







y * s* ' ^ 










£ 



- ? 









5 ' 

£r 

--w i 







THE SLOPE IS 3; 


t 

j 







« T» %■ f F’Vf v i r * Ji 

-n ir t ■ \t ■“rr p ih>y r"ryT ue. 










THE ^INTERCEPT IS 

-5/2, you MAICE A 



















TABLE; IXL URAW 
rue apapuj 
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1 03 







































































































From Line to Equation 

OP TO UOW ( WE'VE 6TARTEP 
WiTH AM EQUATION AMP PRAWN 
JT3 GRAPH 


y = x + 2 



MOW LET’S 60 THE OTHER WAY, 
FROM LIME TO EQUATION. 6IVEN A 
LIME, £AN WE WRITE AN EQUATION 
WHOSE 6RAPH JT IS? 


KN0WIM6 THE SLOPE ALONE, FOR EXAMPLE, 16 
NOT EN0U6H. THERE ARE HEAPS OF LINES 
WITH THE SAME SLOPE. HOW WOULP WE KNOW 
IF AN EQUATION HAP “OUR" LINE AS ITS 6RAPH? 



WHOA! 

PLUS SOMETHIN&- 
OR-OTHER! 


ON THE OTHER HANP, IF WE KNOW THE LIME'S 
6LOPE ANP y-INTERCEPT, WE CW WRITE ITS 
EQUATION IMMEPIATELYHN SLOPE-IWTERCEFT 
FORM, OF COURSE? FOR EXAMPLE, IF WE KNOW 
A LINE HAS SLOPE -1 AMP (/-INTERCEPT -S, 
ITS EQUATION SIMPLY MP$T FE l/s-^-5, 
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Point and Slope 


THERE'S REALLY NOTHING SPECIAL ABOUT 
THE y-INTERCEPT. GIVEN ANY POINT (a, b), 
THERE CAN BE ONLY ONE LINE PASSING 
THROUGH (a, b) WITH A 
GIVEN SLOPE m. 



DIFFERENT 

LINES, 

PIFFERENT 

SLOPES! 


THIS LINE'S EQUATION IS 

y-b = m(x-a) 


THIS IS CALLEP THE EQUATION'S POINT- 
SLOPE FORM. TO SEE THAT THE GRAPH 
REALLY POES PASS THROUGH ffl, M, WE 
SOLVE FOR y WHEN x-a. PLUGGING IN 
a FOR x GIVES 


y - b - m(a - a) - m-0 SO 
y - b = 0 

y - k 


THAT IS, IF x-a, THEN y - b, SO 
THE POINT fa, b) IS ON THE 
EQUATION'S GRAPH. 

THE GRAPH HAS SLOPE TO, AS YOU CAN 
SEE BY EXPANPING THE EXPRESSION 
ANP COLLECTING TERMS' 

y - b - m(x - ff) 
y - b ® mx - mfl 
ys»w + (ii - ifld) 

b - ma IS A CONSTANT, SO THIS EQUATION 
IS IN SLOPE-INTERCEPT FORM, WITH SLOPE 
ul AMP y-INTERCEPT b-m. 









TWo Points 


OWE STRAIGHT LINE THROUGH THEM. ON THE 
COORDINATE PLANE, If A LINE PASSES THROUGH 
TWO POINTS WITH KNOWN COORDINATES (*„ y,) 
AND (x 2> y t ), WHAT IS ITS EQUATION? 


FIRST FIND THE SLOPE m FROM 
THE DIFFERENCE QUOTIENT. ~ 

m Vi - Vi 

ITT ~ - 


X 2 -X, 


OVER 

RUN' 



THEN APPLy THE POINT-SLOPE FORMULA USING 
THIS SLOPE AND EITHER POINT. USING THE FIRST 
POINT (x u y,), THE EQUATION IS 

fVl'V u, 

y-vi * (-—r) (Jf ' x<) 

~ *1 

Vim THE HffiW FOJMT FORMULA GIVE* AW 
EQUATON THAT LOOK* 5JJ&HUY PfFFEREMT, BUT 
WORK* OUT TO THE £AME. 


,yz- yi\, ^ 

y = ( 7 — r) 0 * - ** 5 
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Example. 

FIND THE 
EQUATION OF 
THE LINE 
PASSING 
THROUGH 
(-G, '2> 

AND (G, 4). 





























(L 

4) 











































































2) 













r 

*i * 

HERE 

-£, y, * -2, 
yr- 4. 



' tv 


-- 

; 

■c 
















JL 














*4 





ANSWER: FIRST, FORM THE 
DIFFERENCE QUOTIENT TO 
FIND THE SLOPE: 

±±t) _ _ 1 

G-(-G) 12 ' 2 


PLUG THIS SLOPE INTO THE 
POINT-SLOPE FORMULA USING 
EITHER POINT. WE USE (6, 4). 

y-4 - £(*-6) 

y-4 = £x-S 

H 1 i* + 1 

































































































Two Equations, Two Lines 


LAST CHAPTER, WE LOOKER AT PAIRS 
OF EQUATIONS IN TWO VARIABLES, 
LIKE THESE TWO; 


3x + 4y * 9 
3x + 2y = 6 

EQUATIONS LIKE THIS. IN THE FORM 


--^ 

EQUATIONS OF THE FORM 

ax + by - c ARE CALLER 
LINEAR EQUATIONS BECAUSE 
THEIR GRAPHS ARE STRAIGHT 
LINES. 


ax + by =■ c, ARE SAIP TO BE IN 
STANDARD F<m IF b * 0, THE/ 
CAN EASILY BE REWRITTEN IN SLOPE- 
INTERCEPT FORM AMP 6RAPHEP; 


3x + 4y - 9 
4y - -3* + 9 



3x + Zy * b 

2y - + b 




ury; 

C AREFPL 
WITH THAT 
THfN&f 

l J 


A SOLUTION TO A PAIR OF EQUATIONS IS A PAIR OF NUMBERS (a, y) THAT SATISFIES BOTH 
EQUATIONS SIMULTANEOUSLYWHICH MEANS THAT THE POINT (x, y) LIES ON BOTH THEIR 
GRAPHS. IN OTHER WORPS, THE SOLUTION fOR SOLUTIONS) TO A PAIR OF EQUATIONS IS 
THE POINT fOR POINTS) WHERE THEIR GRAPHS INTERSECT!/ 


r 


v 



3 
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LIKE, 

NEVER? 


m IF THE 
LINE* PONT 
CROSS? 


Parallel Lines 


AS WE SAW IN THE LAST CHAPTER, A PAIR OF LINEAR EQUATION* MAy 
HAVE WO SOLUTION... AN? NOW WE CAN SEE WHy. THIS CAN HAPPEN 
ONLY WHEN THE TWO EQUATIONS’ SRAPHS NEVER CROSS. 


NEVER 

EVER? 


TWO LINES 

THAT NEVER CROSS " ""•i 

ARE CALIEP PARALLEL 
LINES, ANP AS you CAN SEE, PARALLEL 
LINES HAVE THE SAME SLOPE- 


WE CAN EASJLV SEE WHETHER A PAIR OF LINEAR EQUATIONS HAVE PARALLEL GRAPHS 
BY PUTTING THE EQUATIONS INTO SLOPE-INTERCEPT FORM. FOR EXAMPLE; 


(1) lx + 5y = 5 

(2) 6x + lOy = 20 


IN POINT-SLOPE FORM, 

THESE BECOME 

(la) y - -\x + 1 
(2a) y = -|*x + 2 

7 

THE y-INTERCEPTS ARE 
PIFFERENT, SO THE SRAPH* 
ARE TWO SEPARATE LINES, BUT 
THE SLOPES ARE THE SAME, 
-VS, SO THE LINES ARE 
PARALLEL. THE EQUATIONS 
HAVE NO COMMON SOLUTION. 
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WVEN TWO LINGER 
EQUATIONS, EITHER s 

t. THE/ HAVE THE 
SA/AE 6.RAPH; 

1. THEIR GRAPHS 

ARE PARALLEL! 

3. THEIR GRAPHS 
CROW AT A SINGLE 
POINT. 



GIVEN TWO EQUATIONS, HOW CAN WE KNOW WHICH OPTION HDLPS TRUE? LET'S SUPPOSE 
a , fa, c, d, e, ANP f ARE SOME FJXEP NUMBERS, ANP THAT NEITHER fa NOR d IS ZERO, 
(fa ANP d WILL BE THE COEFFICIENTS OF y IN THE TWO EQUATIONS, AMP WE’LL WANT TO 
PlVlPE dY THEM.) WE WANT TO KNOW ABOUT THE STANPARP-FORM EQUATIONS 3 ANP 4. 


(?) ax + by * e 
(4) cx + dy - f 


(— - 

COMPARE SLOPES 

ANP INTERCEPTS, 

ANP PRAW THIS... 

V f J J 

CONCLUSION: 

1. IF a/b = c/d ANP e/fa - f/d, 
THEN THE EQUATIONS' GRAPHS HAVE 
THE SAME SLOPE ANP y-lNTERCEPT. THEY ARE THE 
SAME LINE! EVER/ POINT ON THIS LINE SOLVES BOTH 
EQUATIONS. 

1. IF a/b * c/d ANP e/b * f/d, THEN THE GRAPHS 
HAVE THE SAME SLOPE BUT PlfFERENT y-INTERCEPTS. 
THEy ARE PARALLEL LINES, AMP THERE IS NO SOLUTION. 

?. IF a/b * c/d, THEN THE EQUATIONS HAVE AFFERENT 
SLOPES. THEIR GRAPHS CROSS AT A SINGLE POINT, 

WHICH SOLVES BOTH EQUATIONS SIMULTANEOUSL/, 



WE NEXT PUT 

(?a) 

THEM IN POINT- 


SLOPE FORM- 

(4a) 



SLOPES 


y-JNTERCEPTS 
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Horizontal and Vertical Lines 

IN THE EQUATION 
ax + by - c 

WE KEEP ASSUMING- htO. THIS 
MEANS WE'VE LOOKED ONLY AT 
EQUATIONS LIKE 

ix + Gy * A 

9x - <?01y * 7,021,077 
OR EVEN 

y = S 

(a, THE COEFFICIENT Of X, CAN BE 
ZERO!) BUT WHAT ABOUT WHEN 
b-O? THESE ARE EQUATIONS LIKE 

C3 




WHICH has A VERTICAL 6RAPU. 
IT'S ALL THE POINTS WITH AN 
x-COORPlNATE EQUAL TO c. A 
VERTICAL LINE'S SLOPE IS- 
INFINITE- IT RISES (AMP FALLS; 
FOREVER WITH NO RUN AT ALL. 


POES 

"FOREVER” 
MAKE AN/ONE 
ELSE BESIDES 
ME FEEL,. 
WEIRP-? 



(f, whatever; 



no 






























Perpendicular Lines 

finally, just for fun, lets see what rr means algebraically for two lines to 

AIECT AT A RIGHT ANGLE. SUCH LIMES ARE CALLEP PERPENDICULAR. AS YOU 60 ARDUNP 
THEIR INTERSECT!Ok, ALL FOUR ANGLES ARE EQUAL, LIKE THE CORNERS OF A SQUARE. THE 
COORPINATE AXES ARE AN EXAMPLE. GIVEN TWO PERPENPICUlAR LINES L t AMP l % , LETS 
SUPPOSE THAT L, HAS SLOPE m. WHAT’S THE SLOPE OF l z IN TERMS OF m ? 



FIRST, SLIPE THE TWO LIMES SO THAT THEY CROSS AT THE ORIGIN. THE SLOPES REMAIN THE 
SAME, ANP THE LINE L, NOW CONTAINS THE POINT (1, m). (THE LINE y = mx ALWAYS 
CONTAINS THE POINT (1, m)l) 



IN THE PIAGRAM, THE TWO GRAY 
TRIANGLES ARE EXACTLY THE 
SAME, ONLY TURMEP, EACH HAS 
A SlPE OF LENGTH 1 ANP A SlPE 
OF LENGTH m. SO l t CONTAINS 
THE POINT C-m, I). 

THIS MEANS THAT l 2 HAS SLOPE 

J_ = _1 

-m m 

PERPENPICULAR LINES HAVE 
SLOPES THAT ARE EACH OTHER’S 
NEGATIVE RECIPROCAL (as 
LONG AS NEITHER LINE IS 
VERTICAL';, 
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WE (OYEREP (OR WE BEGAN BY SPRINKLING NUMBERS OVER THE PLANE, 60 THAT EACH 

UNCCVEREP) A LOT POINT GETS A UNIQUE PAIR OF (OORPlNATES (*, y). WE GRAPHEP 

IN THIS CHAPTER... EQUATIONS IN TWO VARIABLES, LIKE ax + by -c, ANP FOUNP THErR 

GRAPHS TO BE STRAIGHT LINES, 



WE LEARNEP ABOUT A LINE'S SLOPE, GOrWG UP 
ANP GO !NG PCWN, 


jO] 



* 



THE SLOPE 
CAN EVEN BE 
INFINITE' 



WE prSCCVEREP THAT A LINE'S EQUATION IS 
PETERMINEP Wi TWO (ONPlTfONS, WHICH CAN 
BE AN/ OF THESE: 


ITS SLOPE ANP 


(/-INTERCEPT 


ITS SLOPE ANP AM/ 
POINT ON THE LINE 


AN/ TWO FOINTS 
ON THE LINE 



WE SAW THAT TWO 
LINEAR EQUATIONS 

ax + by * e 
cx + dy* f 

HAVE A SOLUTION 
IN COMMON WHEN 
THEIR GRAPHS 
CROSS, ANP THE 
SOLUTION (x,y) 

IS the crossing 

POINT, 


WE ALSO PlSCOVEREP A TEST FOR PREPICTING WHETHER 
THE GRAPHS (ROSS, NAM EL/ WHEN (a/c) * (b/d). THIS 
AMOUNTS TO SAYING 



BECAUSE If 

0_ _ t 
c ~ d 

j a ,b 

cd — * erf— 
c d 

ad* be 


them 

MULTIPLY¬ 
ING B/ cd 

maim 
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I ALSO HOPE TO HAVE PUkTEP THE SEEP 
OF THIS (PEA: SOME GRAPHS ARE MOT 
STRAIGHT LINES. 


f 







J 


TAKE THIS EQUATION, FOR EXAMPLE; Xy * 1 OR y 


1 

X 


OM ITS SRAPH, EACH POIMTS COOfiPI MATES ARE RECIPROCAL TO EACH 
OTHER. AS LOM& AS MEITHER x MOR y IS ZERO. WE CAM MAKE A 
TABLE OF VALUES AMP PRAW THE EQUATION'S 6-RAPH. IT CURVES' 



y = 

i/x 

X 

y 


5 

I 

4 

4 

1 

? 

? 

1 

I 

2 

1 

1 

2 

t 

2 

3 

i 

3 

4 

i 

4 

5 

T 

S 


BUT LET’S MOT 
6ET AHEAP OF 
OURSELVES, 
SHALL WE? FOR 
MOW, you CAM 
WORK OM SOME 
PROBLEMS... 



TIB 















































































DfrtKI/?mC MOBT OF THES-e PROBLEMS REQUIRE BRAPH PAPER, you dAW EITHER tW BOHE AT THE 
rlUUIItflllb STORE, OR POWNLOAP A PPF FROM HTTPt//WWW.LARIWONl£K,£0A1/TITJ.ES/SdlENdE/TH E J 
dARTOON-BUIPE -TO-ALSE8RA/ ANP PRINT AS MAN/ BHEETB AB yOU NEEP. 


t. PRAW A BET OF AXES, (LOOSE A UNIT SIZE, 
AMP PLOT THEBE POINTS: 

(1,1), (0,6} t (-3,0), (-35,-0.25), 

M, -3), (-4, 3), (4, 3), (-4, -3), 

9), (-ji - 7 ). 


1. PRAW THE GRAPHS OF THEBE EQUATIONS: 


a. y s 3x 

h. x-2y s-3 

&, y - 3x-4 

1 . -3x -4y s -9 

c. y - -x + 7 

;. -)4x + 7y - 0 

d. 4y 3 0 - 2x 

k. 4y -^x - 9 

e. x + y - 5 

f * + j=| 

f. 2x +• 2y = 7 

2 3 3 

g. 3x - 2y - 4 

m. 4.36 - 1.7y * 


3 . WRITE THE EQUATION OF THE LINE ANP 
PR AW ITS SRAPH. 


&■ WITH SLOPE 3 ANP y-INTERCEPT 5 

i>. WITH SLOPE 3 PASSlNS THROUGH THE 
POINT (1,1) 

C. WITH SLOPE 500 ANP y-INTERCEPT 

2,001 

d. WITH SLOPE -5 ANP y-lNTER(EPT -£ 

3. WITH SLOPE -6 PASSING THROUGH THE 
POINT (2,3) 

f. WITH SLOPE | PASSING THROUGH THE 
POINT (-4,-3) 

g. PASSING THROUGH THE POINTS (-5,-2) 
ANP (-4,1) 

h . PASSING THROUGH THE POINTS (-2,-2) 
ANP (2,-4) 

4a. POES THE POINT (3,4) LIE ON THE BRAPH 
OF THE EQUATION y- %X + 2? POES THE POINT 
(-3,1)? 


4b. POES THE POINT (7,4) UE ON THE LINE 
WITH SLOPE 2 PASSING THROUGH THE POINT 

(5,1)? 

4c. POES THE POINT (7,-2) UE ON THE LINE 
THROUGH THE POINTS (2,3) ANP (3, 2)? WHERE 
POES THIS LINE £ROSS THE LINE X = -14? 

Bd. WRITE THE EQUATION OF THE LINE PASSING 
THROUGH THE POINT (1,2) ANP PARALLEL TO 
THE BRAPH OF 0x - 2y - 7. 

Bb. WRITE THE EQUATION OF THE LINE PASSING 
THROUGH THE POINT (0,3) ANP PARALLEL TO 
THE LINE JOINING (-3,0) ANP (3,4). 

Be. WRITE THE EQUATION OF THE LINE PASSING 
THROUGH THE POINT (2.35, 6.147) ANP 
PERPENPKULAR TO THE BRAPH OF y-X. 

Bd. WRITE THE EQUATION OF THE UNE 
PERPENPKULAR TO THE BRAPH OF y = 5 ANP 
PASSING THROUGH THE POINT (7 00, -31). 

6. W BRAPHINB, FlNp AN APPROXIMATE SIMUL¬ 
TANEOUS SOLUTION TO THESE TWO EQUATIONS- 

13.406 x + 3.2y - 47.62 

1.479* - 1.7y * -2.295 

7. WMy POES THE LINE y-mx PASS 
THROUGH THE POINT (1,m)? 

9. SUPPOSE THE LINE y = mx + b PASSES 
THROUGH THE TWO POrWTS <*,, y,) ANP 
(x 2 , y 2 ). IF x 2 * x, + p, THEN WHAT IS 
y 2 IN TERMS OF y, ? 

9a. PRAW THE BRAPH OF THE EQUATION xy = 6- 
(START By MAKING A TABLE OF VALUES, INCLUPINB 
NE&ATIVE VALUES.) US I NS THE SAME AXES, PRAW 
THE BRAPH OF X + y - 5. 

9b. WHERE, APPROXlMATELy, PO THE BftAPMS 
INTERSKT? (AN yOU SOLVE THIS PAIR OF 
EQUATIONS? 

9c, PO THE SAME WITH THE EQUATIONS xy - 6 
ANP X - y = 5. 
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Chapter 9 

Power Play 

Up to WOW, WEVE BEEN CAREFUL ALWAYS TO PUT 
PLUS OR MINUS S16NS BETWEEN OUR VARIABLES 
COR THErR MULTIPLES AS IN 4x+2y). IT WAS 
ONLY AT THE VERY ENP OF THE LAST CHAPTER 
THAT WE WROTE Xy, WITH NOTHIN6 IN BETWEEN, 




- \ 

HEEHEE 

heeheehee: 


CTRUE, WE'VE WRITTEN EXPRESSIONS LIKE CTX THAT ARE, STRICTLY SPEAKING, THE PROPUCT 
OF TWO VARIABLES... BUT INWARPLY, WE OFTEN THINK OF a AS A STANPHN FOR A FlXEP 
NUMBER, WHILE x REALLY, YOU KNOW, VARIES.) 



IN THIS CHAPTER, 

WE BE6JN TO 
MULTIPLY VARIABLES 
TOGETHER, ANP TO 
PIVIPE BY THEM... 

ANP WE’LL ALSO 
START USIN6 LETTERS 
LIKE a ANP b FOR 
“REAL," VARYING 
VARIABLES. 



NICE LITTLE 
a ANP b... 



UM-OH,,. 

: now 

THEY’RE 

WI^LINE. 

TOO! 

N_/ 


m 
























THE FIR5T MUUtPUOTlON WILL BE THE 
PROPUCT OF A VARIABLE TIME* IT5ELF, A* 
IK ATAf. MULTIPLY BY X A6AIN TO MAKE 
xxx, AMP REPEAT WITH xxxx, xxxxx, 
ETC,, MAKIM6 AM x-PARAPE A* LOM6- A* 
YOU LIKE. 


V V V V V 
A A A 


UM... WE'RE RUNNING 
OUT OF PA&E HERE¬ 



TO *AVE IKK AMP PAPER, WE REPORT TO *HORTHAWP, WRITIM6 X 2 FOR xx, X 3 FOR xxx, 
X A FOR xxxx, ETC, WE *AY THAT x I* RAlSEP TO THE *E£OMP, THIRP, OR FOURTH POWER, 
AMP REAP x 4 A* ”x TO THE FOURTH.' THE EXPRE**ION X* Cx TO THE EMTH'J WOULP BE 
THE PROPUCT OF n FACTOR* OF x. THE LITTLE RAI*EP MUMBER I* 4ALLEP AM EXPONENT. 



K) 


Si 


EXPONEKT 


Numerical 

EXAMPLES 

1* * 1 xi « T 

l z = 2*2 s 4 

2* - 2x2x2 = & 

C-5} 3 = C-5)*(-5)x(-5) 

* 25 x {-5) = -T25 

(- 9) 1 >(-«(-« - 64 
Cl.5f s Cl.5xl.5)xa5x1.5)x(1.5) 
= C2.25)x (2.25) x 1.5 
- 5 . 0 W 5 x 1,5 

a 7.59375 


r s 


AMP BY THE 

, jSr if 1 

WAY, X 1 - X, 

^ l jLo# i 

WITH OKLY 


ONE "FACTOR," 


J 




m, WMEk ARE 


YOU tom TO 


START a 


imgw of x? 


. J 


V“ 
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— 

THE LOW POWERS 
X 2 ANP X 3 HAVE 
SPECIAL MMES. x 2 
IS *X SQUARE" 
BECAUSE IT’S THE 
AREA OF A SQUARE 
WITH ALL SIPES 
EQUAL TO X. 





*’ IS u x CUBW-. 
IT’S THE VOLUME 
OF A CUBE WITH 
ALL SJPES EQUAL 
TO X. 


A 



HERE’S A TABLE OF SEVERAL SQUARES ANP CUBES. 

you aw SEE that squares are never negative-, 

X z IS THE PROPUCT OF TWO NUMBERS OF THE 
SAME SIGN, AS IM (-5) (-5) - 25. CUBES OF NEGA¬ 
TIVE NUMBERS, THOUGH, ARE ALWAYS NEGATIVE. 
(-5H-5X-5) = (25H-5) = -125. CSEE PAGE 5BJ 



* 

x 2 

x ? 

-£ 


-21£ 

-5 

25 

-125 

-4 

1 £ 

-G4 


9 

-27 

-2 

4 

-8 

-1 

1 

-1 

0 

0 

0 

1 

1 

1 

2 

4 

0 

5 

9 

27 

4 

IS 

£4 

5 

25 

125 

£ 

% 

21 S 
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USIW& THIS NEW OPERATION, RAISING TO A POWER OR EXPONENTIATION, IN AW EXPRESSION 
BRINGS UP THAT A&E-OLP PROS LEW, "WHAT'S THE ORPER?’ THE RULE ON PA£E 39 (MULTIPLy 
BEFORE APPIN&? MUST BE EXTENPEP TO EXPONENTS. THE EXTENPEP RULE IS= IN THE ABSENCE 
OF PARENTHESES, ALWA/S EVALUATE POWERS BEFORE /'MJLTlPUPATIONS (OR PIVISIONSJ, 



MEANS 



a/wow 

IN OTHER WORPS, ?(x 2 )! 


Examples 

1 * EVALUATE 3 ' 4 2 + 9 

THE RULE. FIRST THE EXPONENT, THEN 
THE PROPUCT, THEN THE SUM. 

3 > 4 2 +9 * rU + 9 

= 40 + 9 = 57 

2* EVALUATE -10 WHEW 6 = 

FIRST. PLUS- IN THE VALUES TO 6ET 

?- 2 3 -10 

EVALUATE THE CUBE 2 ? BEFORE POlWC- 
THE REST. 

3 - 2 1 - 10 = 3-0 - 10 
= 24-10 

= 6 

_y 



EXPONENTS 
PONT REALLV 
SIVE TOO MUCH 
TROUBLE, PO 
THEY? 


SUITE filSHT... 
THEVRE VERy 
&OOP LITTLE 
NUMBERS- 


BECAUSE 


THEy 


OBEY' 


ne 
























LAWS of 

EXPONENTS: 

IN THESE LAWS, a ANp h CAN 
BE AMy NUMBERS, WHILE it) 

ANP n ARE POSITIVE INTEGERS. 


1 . fl V * « (n+m) 

«V IS THE PRQPUCT OF n FACTCRS OF a 
MULTIPLIEP By m FACTORS OF a, 

a ■ a ■ ... • a • a * a • • a 

m -ii- - * -1- - 

n m 

MAKING A TOTAL OF fl + m FACTORS. 


2 . (a n f * a nm 


WE CAN WRITE THE PROPUCT (a*)* THIS WAy= 


a ■ a ‘ ... • a 


* a * a a 


n 

Ik EACH ROW 


m ROWS 


THERE ARE nm FACTORS ALTOGETHER. 


3. CflW n * a V 

THIS COMES FROM THE COMMUTATIVE LAW, 

(afO ft * at ■ ab • ... • ab 
REARRANGING {OR '“COMMUTING"; THE ORPER GIVES 
a ‘ a ■ • a ‘ b ■ b- ... ■ b - a n b n 


Examples 

3 2 3 * 3 1+5 = = 24 ? 

tfb? -- taW - a^ ? 

<2t 2 u) 2 = 4fcV 


T19 










Powers "DOWN THERE" 


LET’S INVERT OWE OF 
THESE POWERS BY 
PUTTING IT IN THE 
PENOMlNATOfi. 






IW OTHER WORPS, JUST AS WITH NUMERIC FRACTIONS, A FACTOR COMMON TO BOTH NUMER¬ 
ATOR AMP PENOMIWATOR CANCELS OUT. WE CAN WRITE IT OUT MICE THlS= 



a 


i 


aaa 

m 


a 


OR 

MORE 

SIMPLY, 



a 


_ j 


THIS FACT &IVES US A NICE FORMULA FOR 
ANY EXPONENTS. IF n ANP m ARE POSITIVE 
INTE&ERS WITH n>m, ANP fit IS NONZERO, 
THEN 



WHICH IS TRUE BECAUSE EXACTLY m FACTORS 
OF a CANCEL OUT. 

m n ~m 

ft ■ in ■ ... -t t - a - ... - a 
ft ‘ ft - ... * ft 


m 



MO 





































EXPONENTS CAN ALSO BE 

ZERO or 

LESS! 



r -1 

r --i 

oh, com o^f 

YEAH... HOW m YOU 

UM... IT COULP 

THI$ REALLY 

MULTrPLY ETHJM& A 

MEAN WIPING A 

&QMfr TOO 

NCfrATlVC NUMBER OF 

POSITIVE NUMBER 

i"- 

TJMES? 

^ * * J 

OF TIMES- 



1 


WATCH OPT, MAN,., 
yWRE STARTING 
TO THINK LIKE A 
MATHEMATICIAN,.. 


WE JUST SAW THAT cT/V" * a"' m . 
THIS WOULP MEAN, WHEN m^n, THAT 



BUT OF COURSE a n /a n IS ALSO = 1, 

AS THE RATIO OF A NUMBER TO ITSELF- 
THAT’S WHy WE DEFINE a 0 By 



NO MATTER WHAT a IS (EXCEPT ZERO). 
3° - 6° - (-156.71)^ = 1, 

0° IS BEST LEFT UNPEFINEP, 

_ 


ANP NEGATIVE EXPONENTS? WHAT’S a' n TO MEAN? 
IF WE INSIST THAT THE EXPONENT LAWS APPLy, 
THEN THIS WOULP BE TRUE; 



WHICH IS SO ONLy IF 

El ^ 

“IF 

ANP THAT'S HOW WE PEFJNE a". 



SO IT 1$ REPEATEP 
PI VISION I I'M AMAZING! 



<1 



OH, BROTHER— TJM£ 
TO &ET OUT OF THf5 
SMARTER... 


i£h 



NOTE; ALL THE EXPONENT LAWS WORN WITH NEGATIVE EXPONENTS!!! 
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Problems 


1. EVALUATE! 


a. 2’ 

q. (-if 

m. 5*5' 2 + A 2 (?'1)‘ 1 

s. 5x 2 WHEN x = 5 

b. 2 Z 

h. (-5)" 

n. r % 

t. * 2 + x + 1 WHEN X s 1 

c. £ 

i. 5 2 5* 

o. ( 1 / 5 )'* 

u. x z + x + 1 WHEN x*2 

d. r* 

}. 1 2 -A 2 

p. (5/5)- 1 

v. X 2 + X + 1 WHEN X = 5 

e. 2' f 

k. (2-4 f 

q. (10' ? ) 2 

w. a 2 x + ax 2 WHEN a =■ 2, x = 5. 

f. 2* 

l -5-2 5 -100 

r, 5 2 - 5‘ 2 



*101 

t. IS (-6)' 00 POSITIVE OK 3. WHAT IS “ ? 

NEGATIVE? HOW ABOUT 3 

HOW ABOUT (-6T' 00 ? 

5, WHAT IS ? 


WHAT IS 10* ? 10 ? ? 10" ? 10* ? 10*? 
HOW MANY ZEROES AFTER THE INITIAL 1 
ARE THERE IN 10 45 ? 


A. SIMPLIFY: 


. -4.3 
a. p p 

q. (-a 2 xf 

b. t(5t 2 ) 

h. (a 2 b- 2 f 

c. 6x'V 

i. fUbcfb* 

b. 4' 2 y' 2 u'' 

j. (a'T 

e. (5x 2 ) ? 

2x 
it, ■ 

f. (lx*? 

’ (4x)' 2 


WE CAN WRITE VERy LARGE (ANP VERY 
SMALL) NUMBERS IN WHAT IS CALLEP 
“SCIENTIFIC NOTATION" By USING POWERS 
OF 10. FOR EXAMPLE. WE CAN WRITE 

5,150,000 = 5.15X10* 

57,650 = 5.765x10". 

IN SCIENTIFIC NOTATION, THE FIRST 
FACTOR HAS ONE PI SIT TO THE LEFT OF 
THE PECIMAL POINT ANP THE SECONP 
FACTOR IS A POWER OF 10 WHOSE 
EXPONENT TELLS VOU HOW MANy PlGlTS 
FOLLOW THE FIRST 


9. EVALUATE * + — + 1 FOR SEVERAL 
x + 1 

PIFFERENT VALUES OF X (NOT X = -1, 
THOUGH'). PO you NOTICE anyth INC, 
INTERESTING ABOUT THE ANSWERS rN 
RELATION TO THE VALUE OF X? WRITE 
yOUR GUESS AS AN EQUATION ANP SEE 
WHERE IT LEAPS yOU. 


7a. SHOW USING ALGEBRA THAT 

fl-10' t + b-10 n = Cfl+W-10' 1 


9. WHAT IS 2 12 ? fHINT-! FOR A QUICK 

SOLUTION. USE ONE OF THE EXPONENT LAWS 
ANP THE RESULT OF A PREVIOUS PROBLEM.) 


b. SHOW THAT 

(a x10")(f>x 10*) * (Jtx10 rt+rt 

C. WHAT IS (5.1 X10 15 ) + (2.5 x 10 15 )? 

d. WHAT IS (5.5x10 4 )(?x10 s )? BE 
SURE TO WRITE THE ANSWER IN 
SCIENTIFIC NOTATION, I.E., WITH THE 
FIRST FACTOR SI ANP <10. 


10 a. MAKE A TABLE OF VALUES (x,y) FOR THE 
EQUATION y-X 1 (OR COPY IT FROM PAGE 
117). PRAW THE GRAPH. AS BEST YOU CAN. 
OF THE EQUATION y*X 2 . 

b. P0 THE SAME FOR THE EQUATION 
ysx ? , 

C. P0 THE SAME FOR y * x 2 - 2x +■1. 
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Chapter 10 

Rational Expressions 


Were now react 

TO WVIPE By ENTIRE 
EXPRESSIONS NOT 
JUST INDIVIDUAL 
VARIABLES. THE RESULT 
IS SOMETHING CALLED 
A RATIONAL 
EXPRESSION^ IT'S THE 
RATIO BETWEEN AN 
AUSEBRAIS NUMERATOR 
ANp AN AL6EBRAIS 
DENOMINATOR—IN 
OTHER WORDS, AN 
EXPRESSION OVER AN 
EXPRESSION' 





12 ? 












MULTIPLYING 

Rational Expressions 

IS AS EASY AS MULTIPLYING FRACTIONS. 
IT'S TOP TIMES TOP ANP BOTTOM TIME* 
BOTTOM, LIKE THIS; 



A RATIONAL EXPRESSION’S RECIPROCAL, LIKE 
A FRACTION’S, If ITf INVERSE, WHAT YOU GET 
BY TURNING THE EXPRESSION UPSIPE POWN, 
(REMEMBER, x' If THE RECIPROCAL OF X.) 



OR, IF YOU PREFER LETTERS, ANP BY 
NOW YOU’RE PROBABLY STARTING- TO... 


OR, IF YOU PREFER 
LETTERS-fF a, fc, 
c, ANP d ARE ANY 
EX PRESS rOWf, THEN 


Dividing «, 

SION If LIKE PIVIPING 



A RATIONAL EX PRES' 
BY ANY FRACTION. 


Important: if numerator anp 

PENOMINATOR HAVE ANY COMMON FACTOR, 
THE MULTIPLICATION RULE LETS US CANCEL 
THAT FACTOR, 



BECAUSE PIVIPING IS THE SAME AS MULTI¬ 
PLYING BY THE RECIPROCAL, WE INVERT THE 
PIVISOR ANP MULTIPLY. WITH LETTERS, 


£- —A 

b d be 
ad 


ac ac .c c 
ad 'ad' d'd 



gt-ct 1 \Ox‘ _ kfeW 


5x ac 2 ' t kac l x 


be 


_ ggfrV AFTER ALL 

c aH£ELLATJ<m 


m 





















ADDING Rational 

Expressions, uke mm w- 

TI0N5, OAN BE A PAIN IN THE SIT-BONES. 
LUCKILY, FRACTIONS AND EXPRC55rOWS ADD 
IN EXACTLY THE 5AWE WAY, 50 YOU SHOULD 
BE ON FAMILIAR GROUND. 



SOMETIMES ADDING FRACTIONS 15 EASY, 
WHEN THE SUMMANDS ("THE FRACTIONS TO 
BE ADDED} ALL HAVE THE 5AME DENOMINATOR, 
SIMPLY ADP THE WUMERAT0R5, KEEP THE 
DENOMINATOR, AND YOU'RE PONE, 



WITH RATIONAL EXPRESSIONS, IT'5 THE 
SAME. IF THEY HAVE THE 5AME DENOMI¬ 
NATOR, JU5T ADD THE NUMERATORS AND 
(JEEP THE DENOMINATOR. 


( 7 ) 


m n 
d* d 


m + n 
d 


IN CASE YOU’RE WONDERING WHY ALL 
THE5E FORMULAE ARE TRUE FOR EXPRES- 
SIONS—IT'S BECAUSE THE 5AME FORMULA5 
ARE TRUE FOR NUMBERS! AFTER ALL, AN 
EXPRESSION IS NOTHING BUT A NUMBER 
WAITING TO BE EVALUATED!!! 


-\ 



/'KNOW, I 
THINK I CAN 
LIVE WITH 
THAT... 


Example 2. 


*\V 


*v** 


« + 1 

* 2 yV 


THAT'S ONE 
WAY TO LOOK 
, AT ME! 

T 



w? 




































Adding Expressions with 

DIFFERENT DENOMINATORS 

THE FUN WITH APPITION BEGINS WHEW EXPRESS!ONS HAVE 
PlFFEREMT PENQMINATOR5, THEN, AS WITH FRA/TIONS, WE 
MUST FlNP A COWOU OR SHAREP PENOMlNATOR. FOR 
EXAMPLE, TO APP 1/3 + 1/5, WE FIRST EXPRESS BOTH 
FRACTIONS AS FIFTEENTHS, 15 BEING THE PROPlia OF 
THE PENOMINATORS, 3 * 5.* 


1 

3*1 

3 

5 

3x5 

' 15 

1 

5x1 

5 

3 

5x3 

= 15 

3 

J. 

5 

8_ 

15 

15 

15 


THIRPS 


FIFTHS 


FIFTEENTHS 


@/15 


1/3 = 5/15 


1/5 * 3/15 


WE /AN ALWAYS MAKE A COMMON PENOMlNATOR OF TWO FRA/TIONS BY MULTIPLYING THEIR 
PEWOMINATORS-ANP THE SAME GOES FOR RATIONAL EXPRESSIONS. 


lb (sH 


a 




SAPLY, I 
PONT HAVE A 
PJA6RAM FOR 
EXPRESSIONS 
LIKE THE ONE 
FOR NUMBERS, 
THIS IS PURE 
algebra; 



IF THIS POESN’T RING A BELL, YOU SHOULR GO BACK ANP REFRESH YOUR ARITHMETIC. 





















































TO APP 



WE FOLLOW THE SAME 
STEPS AS WE PIP WITH 
THIRPS AWp FIFTHS. 
THE PROPUCT Min 
COMMON PENOMINATOR, 
BECAUSE 




HERE WE 
MULTIPLJEP W 

d/d, which is 

EQUAL TO 1„, 



WOW WE HAVE TWO EXPRESSIONS WITH THE SAME PENOMINATOR bd, AMP THESE CAN BE APPEP 
AS OM PA6E 125. RESULT: 



ad + bc 

bd 


Example 3, 

2 3 2y + 3x 

x y xy 



MULTlPLy 
ACROSS, 
LIKE THIS' 


V 


NOTE!! 


WHEW 6 = 1, THAT IS, 
WHEN OWE TERM IS 
"ALL NUMERATOR," 
EQUATION € SAYS THIS 



WHICH SHOWS HOW TO 
APP THE NUMBER 1 (OR 
AKIV CONSTANT) TO A 
RATIONAL EXPRESSION. 



A 


J 
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Different Denominators (continued) 


IT 15 ALWAYS POSSIBLE 
TO FIND A COmOW 
DENOMINATOR BY MULTI- 
PLYIN6 THE DENOMINA¬ 
TOR* OF THE SUMMAND*. 
ALAS, THIS PRODUCT MAY 
BE WAY TOO BI6. WE 
WANT TO AVOID BIO, 

HAIRY DENOMINATOR* 
WHENEVER POSSIBLE, 





616, HAIRY 
DENOMINATOR, 
BEST AVOIDED 


1 


1 


FOR EXAMPLE, TRY ADDING 

10,000 1,000 

10,000,000.., AND THE SUM WORK* OUT TO 


. THE DENOMINATOR*’ PRODUCT I* A WHOPPING 


1,000 


10,000 


11,000 


10,000,000 10,000,000 10,000,000 

WHICH HA* MANY FACTOR* OF 10 TO CANCEL: 

11, TO _ 11 

10,000,000 " 10,000 


THE FINAL DENOMINATOR I* MUCH SMALLER, 
AND WE CONCLUDE THAT 10 MILLION WAS 
UNNECESSARILY BI6 AND HAIRY. 



I’M MORE TO BE PITIED 
THAN FEARED... 



IT WOULD HAVE BEEN BETTER TO FIND A SMALLER COMMON DENOMINATOR IN THE FIRST PLACE. 
THIS NUMBER MUST BE A MULTIPLE OF BOTH 1,000 AND 10,000... AND WE SEE THAT 10,000 
ITSELF FILL* THE BILL. IT’S 1x10,000 AND 10x1,000, A MULTIPLE OF BOTH. IN FACT, IT’S THE 
LEAST COMMON MULTIPLE OF THE ORIGINAL DENOMINATORS, AND IT WORK* PERFECTLY. 
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WE CAN UGE WHAT WE’VE ALREADY LEARNEP FROM EQUATION 8, MAKING A COMMON PENOMI' 
NATOR BY MULTIPLYING, a TIM EG 0 1 TO GET a\ THEN 



THE NUMERATOR HAG A FACTOR 
OF a, BECAUGE, BY THE PJGTRJBU- 
TIVE LAW, 

d a +a - a{a + 1) 


THIG CANCELG ONE FACTOR OF a 
POWNGTAIRG, ANP WE GET 


*(a + 1) a + T 




THE FrNAL PENOMfNATOR, a, HAG A LOWER 
POWER THAN ANP WE HAVE TO THINK 
THAT O’ WAG JUGT A LITTLE HAIRIER THAN 
IT NEEPEP TO BE... 
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£AN WE APP 1 /a AMP t/a 2 
WITHOUT THE FINAL 
OWELLATION? IS THERE 
A LESS HAIRV COmOW 
PEMOMlNATOR THAN a 9 ? 

IF SO, THIS PENOMINATOR 
MUST BE A MULTIPLE OF 
BOTH a ANP a 1 , BUT 
SOMEHOW SIMPLER AMP 
BETTER THAW a’.,. 




yES, THE PENOMINATOR WE WANT If NOTHING OTHER THAN... 


WE SEE THAT a 2 IS A 
MULTIPLE OF a: 

« 2 » 

AMP IT’S OBVIOUSL/ A 
MULTIPLE OF ITSELF! 

„Z _ 4 _2 

a - rfl 






I JUST ^ 
TOOK A 
LITTLE 
OFF THE 
EXPONENT! 

J 


MOW WE £AN EXPRESS EA^H 
TERM OF THE SUM WITH THE 
PENOMIMATOR a 2 -. 

1 _L - £l ! 

a a a-a a 
__ a_ + _J_ 



IF you POM'T SET 
THE SAME ANSWER AS 
BEFORE. I’LL NEVER 
BELIEVE yOU A6AIM... 




IN GENERAL. SIVEN TWO 
POWERS OF A VARIABLE, 

THEIR LEAST COMMON 

/multiple is simy 

THE GREATER POWER- 

t? !S A MULTIPLE OF t 2 , 
x 9i IS A MULTIPLE OF 
X 97 , ANP SO FORTH. 
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HERE IS A SUM WITH PE NOMINATOR* 
CONTAINING SEVERAL DIFFERENT FACTORS. 

Zp x + 3 

- + — r—~r — 


IT LOOKS PRETTY HORRIBLE, BUT AFTER 
THE LAST PAGE, WE KNOW WHAT TO PO. 

TO FI Alt? A LEAST COMMON MULTIPLE (LCM) 
OF THE DENOMINATORS FIKP THE HIGH¬ 
EST POWER OF EACH VARIABLE 1M THE 
UENOMIHATOPS, AWP MULTIPLY THESE 
POWERS TOGETHER- 





MAN, THIS PROBLEM 
IS PRETTY HAIRY 
ALREADY! 



THE DENOMINATORS' VARIABLES ARE x, y, AND z (p IS ONLY IN THE NUMERATOR!). 
THE LARGEST EXPONENT OR POWER OF x TS 3; THE LARGEST EXPONENT OF y IS Si 
THE LARGEST EXPONENT OF z IS 10. SO THE LCM IS x ? /z l£> . 


X 9 yV° 3 yVyz 10 ) 


* xz^{x 4 y 5 z^— 


. THE FIRST 
DENOMINATOR 

THE SECOND 
DENOMINATOR 


SUM WOW 

LOOKS LIKE 


y 4 i? 

xz 9 (x-t-3) 


A % 1(5 9 1 5 


y xy z 

xz x y z 


mott you 

W 

x 2 z > + 3xz ? 

1 

COVLVU'T 


3 


x y z 

y z 

WORE OF 

A SWAVE? 



Zpy 4 + xV + 'ixz 

x y z v 


^HEREYOUSEETHAT 
IT IS A MULTIPLE OF 
BOTH DENOMINATORS. 



Example 4 emeu. SIMPLER!), add 

HIGHEST POWER OF a IS 1-, 

HIGHEST POWER OF b, DITTO; SO 
DENOMINATORS’ LCM IS SIMPLY ab, 

AND THE SUM BECOMES 

11 61 6+1 

“ + - * — + — ^ “ 

a ab ab ab ab 


1 1 
a + ab 



LUCKILY, MOST OF OUR 
PROBLEMS WILL LOOK 
MORE LIKE THIS THAN 
THAT HAIRY ONE! 
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A FEW MORE THINGS 


to Think About 

Whew WHOLE HU mm 
APPEAR A5 FACTORS JN 
PEN0MINAT0R5, THEY 
MU5T BE TAKEN I WTO 
AMOUNT WHEN FINWN& 

THE PEWOMINATOR5* LOU. 





Example 5. fiwp 

b 2 l 
9 a 2 4 >ab 

THE im Of 8 ANP A 15 
24s THE LOI OF ff 2 AMP 
flb 15 a 2 b; 50 THE IM 
OF THE PEW0MINAT0R5 
15 24aV WITH THI5 
£0/M0N PEWOMlkATOR, 
WE APP: 

(m£_ (4a)(5) 

&bm 2 (AaUab 
20a 

24a 2 b 24a 2 b 

rf-lOa 

Z4a 2 b 



f \ 

IF WE W SIMPLE- 
MINPEPL/ MULTIPLIEI? 

THE ^NOMINATORS, WE 
WOULF HAVE BEEN STU^K 
WITH THIS COMMON 
FENOMIkATOR IkSTEAPf 

l . ._ J 


{ " \ 
1 £AN T VUm WHETHER 

TO MAJOR Ik MATH OR 

60 TO BAR0ER COLLEGE,,, 

V ■ ■_/ 
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FINALLY, REMEMBER THAT THE LETTER VARIABLES a, b, e, ETC., CAN STANP FOR ENTIRE 
EXPRESSIONS. ALL THE FORMULA'S Ik THIS CHAPTER ARE TRUE FOR EXPRESSIONS IN PLACE 
OF THE VARIABLES. EQUATION 9, FOR INSTANCE, MIGHT LOOK LIKE THIS: 



Example 6* app 

i i 

- T ^ - A - 

(x+IXx+zf (x+lr(x+Z> 


IN THIS EXAMPLE, WE TREAT THE 
EXPRESSIONS x+1 ANP x+ 2 AS IF 
THEY WERE VARIABLES. ON FACT, 
THE/ ARE VARIABLES, x+1 COULP BE 
CALLEP a, ANP X+2 COULP BE 
CALLEP b.) THEN WE PERFORM THE 
APPITIOM EXACTLY AS BEFORE. 


THE HIGHEST POWER OF x+1 IS Z\ THE HIGH¬ 
EST POWER OF x+2 IS ALSO 2; SO THEIR LCM 
IS (x+l) 2 (x+2) J . THE SUM BECOMES 

fa + 1) (x + Z) 

(x + 1) 2 (x + Z) 2 (x+]) 2 (x+Z) 2 

x + 1 + x + 2 
(x+1) 2 (x+2) 2 

2x + 3 

(Xf\ f(x+lf 


\ 


J 



m 


























Problems 

1. FlNP THE LEAST COMMON 
MULTIPLE Of- 


a. 4 amp 6 
b- 3 ANP 9 
c. 3 amp 7 


d. 72 ANP 54 
g. 1 0 AMP 11 

f. 49 AMP 21 


3. MULTIPLY OR PfVIPE 


o b 

a.- 

c ad 


ax bx 


c. 


b 

X 


(-) 

4-f 

A 


5 . app (or subtract); 


t , FfMP THE LEAST COMMON MULTIPLE OF' 


a. p 2 <j AMP p <? 0 

b. x 2 AMP x 9 

c. 2a t x t (x+Y) amp 4ax 

d. x amp x 4 + 1 

e. rVtwi® AMP rV’bV 


e. 


3 (atf j>* 
b 9a 
..10 


, g(3t + 1)y W w 2p 3 fl . 


*to+ir 


f. (x-2) 2 (x + 2) AMP 

(x-2){x+2)V+3) 

9 . X 2 + X + 1 AMP 
x(x 4 + X + 1) 

h. 1S(x 2 + 1) ? (x ? - 5) 2 AMP 
20(x 2 + 1) 4 (x ? - sr* 


4 . IF - + -*$ 
r s 

THEM WHAT IS r IM 
TERMS OF S AMP (?? 


a L ¥ 


. «’ ^ 
0 . — + — 

2b 2 b 2 


c. 


2(x + 3) 


4. i-t 


2 

e. — 
x 


1 + x 2 
X 4-2 


f. 1 + 
9 . A + 


x-1 
x + 1 

B 2 - kC 


6(x + 13 


(x + 1Kx + 2) (x + 1Hx + 3) (x+2)6c+3) 


h. 


1 


la + 2ax 4 a\\ + x 2 ? 


f}. A POSITIVE WHOLE NUMBER fS CALLEP 
COMPOSITE IF IT'S THE PROPUCT OF TWO 
FACTORS SMALLER THAW ITSELF, SUCH AS 
12 = 4 X 3. OTHERWISE, IT S CALLEP 
PRIME. A PRIME HUMBER'S ONLY FACTORS 
ARE ITSELF ANP 1, FOR INSTANCE 3'3^1, 
17=17X1. 

IF YOU FACTOR ANY COMPOSITE NUMBER, 
THEN EACH FACTOR IS EITHER PRIME OR 
COMPOSITE-, THE COMPOSITE ONES CAN BE 
FURTHER FACTOREP... AMP SO ON, UNTIL 
YOU REACH A FROPUCT OF PRIMES ONLY. 


NOW WE CAN PETERMINE THE LCM OF TWO NUMBERS IM 
EXACTLY THE SAME WAY AS WE FOUNP THE LCM OF TWO 
ALGEBRAIC EXPRESSIONS: t. factor EACH number 

INTO POWERS OF PRIMES. 2. FlNP THE HIGHEST POWER 
OF EACH PRIME THAT APPEARS, MULTIPLY THOSE 
POWERS TOGETHER. FOR INSTANCE; 

36*2 4 3 4 anp 24*2*3. 

THE LARGEST EXPONENT OF 2 IS 3; THE LARGEST 
EXPONENT OF 3 IS 2, SO THE LCM OF 24 ANP 36 
rS 2*3 4 * 72. 


1 90 = 10X18 = (5X2)* (6*3) 

* 5xtx(txty*l =- 2 4 3 4 5 


USIN6 THIS METHOP, FlNP THE LCM OF 
a. 36 amp ISO b. 225 amp 30 


AS SOME OF THESE PRIME FACTORS MAY 
APPEAR MORE THAN ONCE, WE SEE THAT ANY 
NUMBER CAM BE WRITTEN AS THE PROPUCT 

OF POWERS OF PRIMES. 


e. 33 ANP 1,617. 

7. IF TWO POSITIVE INTEGERS PIFFER BY ONE, CAN THEY 
HAVE A COMMON MULTIPLE LESS THAN THEIR PROPUCT? 













Chapter 11 

Rates 

thinss are ALWAys setting- better or worse or 

BlSSER OR SMALLER, THE QUESTION IS, HOW FAST? 


Just to prove that algebra can be a piece of cake, here’s ome now. this particular 

SLICE HAPPENS TO PLAy HOST TO A SMALL, HUNSRy INSECT A REMARKABLE CAKE WEEVIL THAT 
MUNCHES STEARILy ON, NEVER SPEEPIWS UP OR SLOWINS POWN, FOR AS LONS AS THERE’S 
CAKE TO BE EATEN. (SOMEHOW, THIS HUNGRY BUS NEVER SETS FULL.; 



IBS 











1M EVER/ MINUTE, THE WEEVIL EATS EXACUy 2 OUNCES (Ol.) OF CAKE. JN 2 MINUTES, IT 
EATS 1WE THAT, OR 4 OI.j IN ? MINUTES, IT EATS = S OZ.s ANP SO FORTH, AS SHOWN 
IN THIS TARE: 



THE RATE AT WHICH THE WEEVIL EATS CAJfE IS A QUOTIENT: THE AMOUNT OF CAKE EATEN 
(MEASURED IN OUNCES) IN A 6IVEN TIME PIVIPEP %'1 THE LGN&TH OF TIME. 


RATE OF EATIKI6 


AMOUNT SATSM 
EMPSEP TIME 


IF WE PO THE PIVJSION ALON6 AWy LINE OF THE TABLE, WE ALWA/S &ET THE SAME ANSWER: 
2. WE SAy THAT THE WEEVIL’S RATE IS... 





















ey now we rkos-nize 

THE PHRASES “AMOUNT 
OF cm: "ELAPSEP 
TIME,” ANP “RATE Of 
EATIN6” AS WHAT TH£y 
ARE- VARIABLES. THfS 
AN ALfrESRA 

BOOK, WE USE A SINGLE 
LETTER FOR EA^H- 


t - ELAPSEP TIME 

£ * AMOUNT Of £AK£ 
EATEN IN TIME t 

r * RATE 


THEN THE EQUATION PEFlKlNS THE RATE LOOKS LIKE THIS: 



MULTlPLyiN6 BOTH SIPES By i PUTS IT IN THfS FORM: 

£=rt 


THE AMOUNT EATEN, £, IS THE PROPUCT OF THE RATE ANP THE TIME-EVEN WHEN t IS 
NOT AN INTEGER. IN HALF A MINUTE AT A RATE OF 1 01/m, THE WEEVIL EATS 

<2M|) = 1 OUN£E. IN 7.16 MINUTES, IT WOULP BE (2H7.16)* 14.12 OUN6ES. IF THE 
WEEVIL ATE FASTER, SAy AT A RATE OF 1.4 OUNCES PER MINUTE, THEN IN 4 MINUTES IT 
WOULP EAT {1.4X6) - 1 4.4 OUNCES, ANP SO ON, IT'S AUTOMATIC 



m 

















RATES ARE EVERYWHERE JKl THE WORLD, MOT ONLY Ik PLACES WEEVILS SO, PGR EXAMPLE, 


Wages: jesse babysits for a pay rate 

OF S0.7S PER HOUR. HE SETS #0.79 * THE 
NUMBER OF HOURS WORKED. 


Fluid Flow: AS WATER POURS INTO A 
BATHTUB, THE RATE OF FLOW IS THE VOLUME 
OF WATER ADDED PER UNIT TIME ON SALLONS 
PER MINUTE, SAYL 



Speed: A CAR TRAVELS SOME NUMBER OF 
MILES EVERY HOUR. THE RATE IS ITS SPECP, 
DISTANCE TRAVELED DIVIDED BY ELAPSED TIME* 


Price: when you buy sasoline, you 

PAY AT A COST PER SALLON. THE POSTED 
PRICE PER SALLON IS REALLY A RATE. 



6PEED 


PISTAMSE 

TIME 


PRICE PER 
SALLON 


TOTAL COST 
VOLUME OF SAS 


A SFEEPO- ^ 
METER 


KNOWS HOW 


Sports: IN BASEBALL, A 
PLAYER’S PATTI NS AVERA6E IS 
THE NUMBER OF HITS MADE DIVIDED 
BY THE NUMBER OF AT-BATS. IT'S 
THE RATE OF HITS PER AT BAT. 


BATTINS AVERAGE * - 

AT-BATS 



-\ 

and THE RATE OF 
STEROID USE PER 
PLAYER-POUND? 
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LET'S RETURN TO THE CAKE-EATING EQUATION G-rt. 
WE CAN PRAW A GRAPH OF THIS EQUATION. 


t 

E 

1 

r 

2 

2 r 

3 

3r 

4 

4r 

5 

Sr 

6 

& 


ETC, 



THE GRAPH IS A STRAIGHT LINE, AN 17 r 
IS ITS SLOPE. THE SLOPE ITSELF IS A 
RATE. IT'S THE RATE AT WHICH A LINE 
RISES OR FALLS PER HORIZONTAL UNIT, 



-N 

THIS RAISES A QUESTION CAN A RATE EOLATION'S GRAPH EVER SLOPE POWMWARP? IS THERE SUCH 
A THING AS A NEGATIVE RATE? 



ANSWER: YES. THE 
RATE IS NEGATIVE 
WHEN SOMETHING 
DECREASES- FOR 
INSTANCE, AS WATER 
PRAlNS OUT OF A 
TUB, THE AMOUNT 
OF WATER IN THE 
TUB GOES POWN, 
ANP ITS RATE OF 
CHANGE IS NEGATIVE. 












J 


IN THE SAME WAy, WHEN A WEEVIL EATS CAKE 
AT 2 OZ/MIN., THE AMOUNT OF UNEATEN 
CAKE CHANGES AT A RATE OF -2 01/m. 


THEN WHAT'S THE EQUATION FOR THE UNEATEN 
CAKE (CALL IT U)f NOT l/srt, BECAUSE THAT 
WOULP MAKE NEGATIVE CAKE AFTER POSITIVE 
TIME, ANP POSITIVE CAKE IS STILL THERE... 



MOMENT By 
MOMENT, 
THERE'S LESS 
ANP LESS... 



BURPl) 


B9 


























The ALL-PURPOSE Rate Equation 

HOW LAN WE FINP AN EQUATION FOR THE RATE LHAN6E OF UNEATEN LAKE? START WITH WHAT 
WE KNOW: THE TOTAL AMOUNT OF LAKE IS THE SUM OF THE UNEATEN LAKE U ANP THE LAKE 
INSIPE THE WEEVIL, £. 



NOTE THAT THERE'S NO SYMBOL YET 
FOR THE TOTAL AMOUNT OF LAKE. 
WE'RE £-0!M6 TO LALl IT SOME- 
THIN6 RATHER STRANGE-LOOKING: 



fYOU-NOU&HT"). THIS INPILATES THAT 
IT WAS THE MOUNT OF UNEATEN LAKE 
AT THE BE61NNIN6, AT "TIME ZERO,* 
BEFORE THE WEEVIL STARTER TO EAT. 



THE EQUATION ABOVE BELOMES 

U 0 *U + £ 

G = U 0 ~U 

BECAUSE WE WILL BE LOOKING AT 
AFFERENT RATES, LET'S WRITE r £l 
INSTEAP OF JUST r, FOR THE RATE 
OF EATINO. THE BASIL RATE EQUATION 
ON P. m NOW LOOKS LIKE THIS: 

_ 




J 

















^ANp WHAT IS ELAPSEP TIME? YOU CAN’T REAP rr ON A CLOCK- INSTEAp you WAVE TO TAKE ^ 
THE DIFFERENCE BETWEEN THE TIME t MO’W AMP THE INITIAL TIME t 0 WHEN THE WEEVIL 
BEGAN TO EAT AMP THE AMOUNT OF CAKE WAS V 0 . 



SO THE ELAPSEP TIME IS 

ANP THE WEEVILS RATE 
OF CAKE-EATING IS 


FINALLY, WE KNOW ONE MORE THING; r v , THE RATE OF CHANGE OF UNEATEN CAKE, IS 
THE NEGATIVE OF r £ ! IT MUST BE SO- WHATEVER GOES INTO THE WEEVIL IN A GIVEN 
TIME COMES OFF THE CAKE IN THE SAME TIME' 



V 


J 


NOW PO THE ALGEBRA; MULTIPLYING THROUGH BY THE QUANTITY ft - t 0 ) GIVES 



-Ofr-IO ^ U-Vp 
t - i - 


SO HERE IT IS: 

ru ' t-t 0 

r v IS THE CHANGE IN V FROM 
TIME t p TO TIME t PIVIPEP BY 

THE CHANGE IN TIME- 


U*U 0 +r u (t-t 0 ) 



THIS IS THE ALL-PURPOSE 
RATE EQUATION; IT SAYS 
THAT THE AMOUNT OF 
STUFF AT TIME t EQUALS 
THE ORIGINAL AMOUNT OF 
STUFF PLUS THE RATE 
TIMES THE TIME CHANGE. 






























Example 1 ♦ FINP THE RATE EQUATION 
FOR UNEATEN CAKE U WHEN V 0 *90 01, 
r u - -3 oz/m, t 0 -AHPWifcHT, 

LET'S CALL MIPNI&HT "ZERO O'CLOCK,’ SO 
t 0 = 0. THE ALL-PURPOSE EQUATION IS 

U * U 0 + r v (t - t 0 ) 

PLUGINS. IN THE 6IVEN VALUES &IVES 

U * 90 + (-?)(£ - 0) 

u*eO'3t 



FROM THIS WE CAN MAKE A TABLE OF VALUES 
OF U AT DIFFERENT TIMES t (MEASURING t 
IN MINUTES AFTER MI7NI6HT) ANt? A 6RAPH 
OF THE EQUATION. 


FOR INSTANCE, AT 25 MINUTES AFTER 
MlPNl&HT, ONLT 5 OUNCES OF CAKE 
REMAIN UNEATEN. 


v 


Example 2. the all-purpose 

RATE EQUATION ALSO APPLIES TO E, THE 
AMOUNT EATEN By THE WEEVIL. IT SAYS; 

^ ^ s* ■— f^j) 

E 0 IS THE AMOUNT OF CAKE ALREAPY 
EATEN BY THE WEEVIL AT TIME t 0 
(FROM AN EARLIER PIECE OF CAKE. SAY). 



SUPPOSE THAT E 0 * 2 07.., ANp THE WEEVIL 
EATS AT A STEADY RATE OF 1.6 02/MIN, IF 
t 0 IS 12:50 PM. THEN HOW MUCH CAKE IS 
IN THE WEEVIL AT TIME t? 


WITH THOSE VALUES FOR t 0 , E 0 , ANt? 
r fl THE RATE EQUATION BECOMES 

Q *2 + (U)(t-1Z$0) 

A6AIN WE CAN PRAW ITS 6RAPH, WHICH 
SHOWS HOW MUCH CAKE THE WEEVIL HAS 
EATEN AT DIFFERENT TIMES. 


E 



M2 



















THE ALL-PURPOSE RATE EQUATION HAS AN 
ALL-PURPOSE GRAPH, SUPPOSE A IS THE 
AMOUNT OF SOMETHING CHANGING AT RATE 
f, ANP t IS TIME, (t CAM AOTUALL V BE AN'/ 
VARIABLE ON WHliH A PEPENPSJ THE INITIAL 
VALUES OF t ANP A ARE t p ANP A Q . THE 
ALL-PURPOSE RATE EQUATION SAYS: 

A * A 0 + r(t - tp) or 
A — Aq = rft —" tp) 

THIS MAY LOON FAMILIAR, IT IS THE 

POINT-SLOPE FORM OF THE EQUATION 
OF A LINE PASSING THROUGH THE 
POINT (i 0 , A 0 ) WITH SLOPE f. 






\ 

THIS TELLS US THAT IF (fr,, A,) IS 
ANY POINT ON THE GRAPH, THEN 
THE EQUATION IS STILL TRUE USING 
(tp A,) IN PLACE OF it 0> A 0 ). 

A *Ai+r(t- tO 


IN OTHER WORPS, THE ALL-PURPOSE 
RATE EQUATION IS GOOP NO MATTER 
WHAT TIME WE CHOOSE FOR THE 
STARTING TIME- not only that, 

BUT THE EQUATION IS ALSO TRUE 
WHETHER t<t| OR t >t\, 

____' 





cm 

HOG— 


± THE 51OPE r EQUALS THE 
RfSE OVER THE RUk f MO 
MATTER WHICH TWO POfMTS 
OH THE UkE ARE U5EP* 

V._____ J 


m 

























cpcpn © VFI OflTV AWP rm A problem- because in math 

tty ** " UtwWI I / WE ALMOST ALWAyS WANT RATES THAT CAN 


SPEEP, WE SAIP, 15 A RATE: IT'S PISTANCE 
PMPEP By TIME. SPEED IS ALWAYS A 
POSITIVE NUMBER, 



BE POSITIVE OR NEGATIVE. 



JUST AS AN AMOUNT OF CAKE CAN INCREASE OR PECREASE, THE RATE OF MOTION SHOULP 
SAy WHETHER A MOVING OBJECT rS &Om UP OR POWN, FORWARP OR BACKWARP. 



I THERE'S SOMETHING 
NEGATIVE ABOUT THIS, 
BUT 1 CAN’T OUITE PUT 
My FINDER ON IT... 

___ / 


IMAGINE A STRAIGHT ROAP STRETCHING ENPLESSIY IN BOTH ERECTIONS (A NUMBER LINE'). 
TAKE SOME POINT ON THE ROAP TO BE $ c , THE STARTING POINT. A STEAPIL Y MOVING CAR 
PASSES THROUGH S 0 AT TIME t 0 . SUPPOSE t IS ANy OTHER TIME, ANP s TS THE CAR'S 
POSITION AT TIME t. 



% 
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INSTEAP OF pistance, we 
THINK IN TERMS OF CHAM&E 

of position, 

WHEN MOVING- FORWARP, 

5 - S D > 0, ANP IT’S THE 
SAME AS PISTANCE. WHEN 
MOVING BACKWARD, s- s 0 < 0 , 
THE NEGATIVE OF PISTANCE. 


s - > 0 


*o 

? - s 0 < o 

< - 


> 


S 


Pt$TAM£E 


ls-^1 




So 


■rug LPTER * STAMPS FOR $HV$ f UATlU FOR fU££- 0M££ UPOM A TjME> ALL EW£AT£p PEOPLE LEARWEI? 
LATfN h WHJ£H L£T THEM £Om\M\£m A£R0^ MATJOMAL BORPGRS ANP A£RO^ TrMC, TOO- WARPLY ANYONE 

mm * latikj AwywoftE, ®irr latin rwurAU^ still haunt u* im ghosts... 


THE aR'$ VELOCITY V IS THE RATE OF CHAN6E OF POSITION PER UNIT TIME. 



VELOCITY IS EQUAL TO SPEEP WHEN 
MOVING- FOR WARP; IT'S THE NEGATIVE 
OF SPEEP WHEN MOVING BACKWARP. 
PEOPLE OFTEN PESCRIBE VELOCITY AS 

“SPEEP WITH DIRECTION." 


0 

.0 

t 0 <t> %< 5 , V>Q 

-*- 

So 

- *L+ 

* 


o. 

0 

t 0 <t, $ 0 >$ f v <0 

—A-- 

- 


s 

So 


0 . 

0 

b , *£ ? t v ^ 0 

So 

5 

0 

=2 

t 0 >t, $ Q >$ t v >0 


V. 


J 


THE ALL-PURPOSE VELOCITY EQUATION PESCRfBES POSITION IN TERMS OF VELOCITY ANP TIME, 




# ° 'fe®) 
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Example 3. 5TARTJNS W MILES TO CELIA'S 

EAST, A CAR TRAVELS TO A POINT 100 MILES TO 
HER WEST. THE TRIP TAKES 2 HOURS. WHAT WAS 
THE CAR’S VELOCITY? 




Example 4. CELIA WALKS EASTWARD AT A SPEEf OF 1.4 Ml/HR. IF SHE STARTS 2 MILES 
WEST OF ME AT 2:30 PM, WHERE WILL SHE BE AT 5:45? 


THE 6IVENS: ^=2:30, t = 5:45, 
Sps-2, U-1.4, WITH MY 
POSITION AT 5 = 0. 

ANSWER: FIRST FfNP t-t 0 , THE 
ELAPSEP TIME. IT IS 


5:45 - 2,30 = 3t HRS * — HRS. 

4 

THE ALL-PURPOSE RATE EQUATION SAYS 

5 = s 0 +u(t-t e ) * -2 + (M)(S) 

= -2 + 4.55 = 2.59 

AT 5:45 PM, CELIA WILL BE 2.55 
MILES CAST OF ME (AS INPICATEP BY 
THE POSITIVE SlSN OF THE ANSWER). 



- 

MUSTN’T 6PEEP UP 
OR SLOW POWM... 
MUST KEEP WALK- 
INS... WALKING.. 

____ J 
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Example 5* TWO BANK ROBBERS MAKE THEIR GETAWAY AT HIGH NOON, MOTORING EAST 
AT 70 mm. THE POLICE, BUSY WITH LUN/H, GET MOVING AT 1 PM. IF THE POLICE STATION 1$ 
& MILES WEST OF THE BANK, ANP THE /OPS PRIVE 90 Ml/HR., WHEN AWP WHERE PO THEY 
OVERTAKE THE CROOKS? TAKE THE BANK'S POSITION TO BE 0, ANP LET t 0 -lZ NOON, 



WE BEGIN BY WRITING SEPARATE RATE EQUATIONS 
FOR THE POLICE ANP THE /ROOKS. LETTING. S £ BE 
THE CROOK? POSITION, THEIR EOLATION IS 

S^O + 7 0(t - t 0 ) 

* JOit-to) 

THE POU/E BEGIN MOVING AN HOUR LATER, AT 
TIME t 0 + 1 HR. THEIR INITIAL POSrTlON IS -G, 

SO THEIR POSITION S p AT TIME fc IS 

Sp = -6 + 90 (t - (tp + D) 

* 9 0(t-t 0 ) - % 


THE /OPS /AT/H THE /ROOKS WHEN 
THEY HAVE THE SAME POSITION, 
THAT IS, WHEN S ( ~ S p . 



SO SET $ c ' S p ANP SOLVE FOR t. 
lOtt-tf ,) = 90(t-t 0 )-96 


ANP WHERE ARE THEY /AUGHT? EITHER EQUATION 
WILL TELL PS. THE /ROOKS' EQUATION IS EASIER^ 

s c * (70X4.0) * 336 


2O(t-t 0 ) * % 

t-to = — - 4.0 HOURS 

20 

SIN/E t 0 IS THE /ROOKS’ STARTING 
TIME, THIS EQUATION SAYS THAT THEY 
ARE /AUGHT AT NOON PLUS 4.8 
HOURS, OR 4:48 PM, (0.9 HOURS = 
W x 0,0 - 48 minutes.; 


THEY ARE /AUGHT AT MILE 3?£, THAT IS, 33G MILES 
EAST OF THE BANK fANP 842 - 88G + i MILES EAST 
OF THE POU/E STATION). 
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COMBINING Rates 


IN THE LAST PROBLEM, TWO 
DIFFERENT RATE* CAME INTO 
PLAy. I* THERE A WAV TO 
COMBINE RATE*? 



SUPPOSE TWO WEEVILS ARE BOTH EATINS THE SAME PIECE OF CAKE. IF THE SLOWER 
WEEVIL EATS 2 OZ/MIN AMP THE FASTER ONE'S RATE rS ? OZ/MIN, THEN IT’S PRETTY 
CLEAR THAT 9 OUNCES OF CAKE ARE EATEN EYERy MINUTE. 



IN &EUERAL, IF WEEVIL 1 EATS AT THE RATE r,, ANP WEEVIL % EATS AT THE RATE r lt THEN 
THE COMBINE? RATE f IS THE SUM: 



MS 





























Example 6* 


SUPPOSE WATER FLOWS INTO A 500 -LITER TANK AT 
2 LITERS PER MINUTE a/Mik>, AT THE SAME TIME, 
THE TANK LEAKS WATER AT A RATE OF \ L/MIN. IF 
THE TANK CONTAINS 100 LITERS RI6HT NOW, HOW 
LONS' WILL IT TAKE TO FILL UP? 



' WE HAVE TWO RATES HERE, A RATE r, OF WATER FLOWING IN, 
ANP A RATE f 2 OF WATER FLOWING OUT. 


r, - 2 L/MfN, r 2 * L/MIN 


THE COMBINE? RATE f* IS THEIR SUM. 

1 f 

r =■ 2 - - = — L/MIN 

’ 3 


0 2 (5 NEGATIVE BECAUSE 
WATER FLOWING OUT 
DECREASES THE VOLUME.; 


IF V IS THE VOLUME AT TIME t, V 0 * 1 00 L THE ORIGINAL VOLUME, 
AN? t 0 - NOW OR 0, THEM THE RATE EQUATION V - V 0 + rfc 6 IVES 


V * 100 + -t 
3 


WE WANT TO KNOW THE TIME t WHEN V IS 500, SO SET V-500 
ANP SOLVE FOR t. 

500 * 100 + % t 

5 ? 

-1 « 400 
5 
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ANOTHER WAY to Describe Rates 


SOMETIMES RATE*. COME TO 0$ “UPSIPE 
POWN." WHEN MOMO TELLS ME SHE CAN 
MOW THIS LAWM IN SIX HOURS, WHAT IS 
HER RATE? WE FlNP IT 9Y PI VI PINS THE 
AMOUNT OF MOWEP LAWN W THE 
LENGTH OF TIME IT TAKES. 

„ 1Jrr AMOUNT OF LAWN 

RATE -- 

TIME 

1 LAWN 1 

RATE *-— * - LAWN/HOUR 

6 HOURS £ 


THrS IS A PERFEOTiy 6O0P WAY TO 
PESCRIBE A RATE) ALGEBRAICALLY IF 
WE'RE GIVEN THE TIME T TAKEN TO 
PO ONE JOB, THEN WE INVERT THE 
TIME TO FlNP THE RATE IN TERMS 
OF JOBS PER UNIT OF TIME- 

1 JOB * rT 
1 JOB 

r - - 

T TrME UNITS 

Ct) r * 1 JOB/TIME UNIT 




AMOUNT OF LAWM MOWEP 
BY MOMO IN ONE HOUR IS 
Vb OF THE TOTAL. 


Example 7* NOW KEVIN BRINGS A BIG, HONKING POWER MOWER ANP OFFERS TO 
HELP MOMO. WORKING ALONE, HE CAN PO THE JOB IN JUST 2 HOURS, HOW LONG POES IT 
TAKE IF THEy WORK TOGETHER? 



ISO 





















SOLUTIONi LET 0, BE HOMO’S RATE 
ANP r K BE KEVIN’S RATE. THEN THE 
ZOMBINEP RATE r IS THEIR SUM; 

r = Oi + r K 
WE ARE 6IVEN THIS: 


1 


THE SUM IS 




i i 2 

— + - S — LAWNS/HR 

6 1% 


A6AIN LETTIW6 T BE THE MOUNT 
OF TIME IT TAKES TO PO ONE JOB. 
WE 60 BAZK TO EQUATION 1: 

r = t/r 

MULTIPLYING BY 77r 61VES 
T = I/r 

THAT IS, THE TIME IS THE RECIPROCAL 
OF THE RATE-SO THE JOB TAKES 


C2/3r* * — HOURS 

2 

I.E., AN HOUR ANP A HALF. 



WE IAN ALSO ASK WHAT PART OF THE LAWN EAZH OF THEM MOWEP. WE FlNP THIS BY MULTI- 
PLYING EACH INPIVJPUAL’S RATE BY THE TIME WORKEP, THAT IS, 9/2 HOURS. 


MOMO MOWS t ■ “ = “ LAWN 

6 2 4 

1 3 3 

KEVIN MOWS - ■ - * - LAWN 

2 14 

KEVIN MOWS THREE TIMES AS MUCH 
AREA AS MOMO, WHICH IS NOT 
SURPRISING, CONSIDERING THAT HIS 
RATE IS THREE TIMES HERS, 



THIS EXAMPLE HAS BEEN 

brought to you By the 

HONKMASTER CORPORATION.,, 
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IA Sense of PROPORTION 


THE VER/ SIMPLEST RATE EQUATION 
RELATING TWO VARIABLES * AMP y IS 

y * Cx 

WHERE C IS SOME CONSTANT, SUCH AS 
1, 2, OR ISO. JW THIS EQUATIOW, WE 
SAT THAT y IS PROPORTIONAL TO X, 
WHEM THIS IS TRUE, AMP U u y,> AMP 
(*2> y 2 ) ARE ANY PAIRS OF VALUES 
SATlSF/lM£> THE EQUATION, THEM 

x, x 2 

Cl S CALLEP THE PROPORTIONALITY 
CONSTANT 



Example 8* WHEM RESIZING AN IMAGE, AM ENLARGEMENT OR REPUCTION IS PROPOR- 
TIOMAL WHEN THE RATIO BETWEEM HEIGHT AMP WIPTH IS MAINTAJNEP'- THEy ARE SC ALEP By 
THE SAME FACTOR. ENLARGING By 200*, FOR INSTANCE, MEANS POUBLING BOTH HEIGHT ANP 
WIPTH. A ^PROPORTIONATE CHANGE WOULP SCALE HEIGHT ANP WIPTH PlFFERENTLy. 



IN PROPORTIONAL SCALING, THE LENGTH OF ANy FEATURE IN THE IMAGE IS SCALEP By THE 
SAME FACTOR-POUBLEP IN OUR PROPORTIONAL PICTURE. WHEM SCALING IS PISPROPOR- 
TIONATE, AFFERENT FEATURES SCALE PlFFERENTLy. 


V 



IN THAT PICTURE, 
WrDTHS GROW :: 
MORE THAN 
HEIGHTS, CIRCLES 
FLATTEN OUT... 

_ 




J 
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Example 9» HERE IS ANOTHER WE OF PROPORTION, SUPPOSE WE KNOW KEVIN'S 
HEIGHT, THE LENGTH OF HIS SHAPOW, ANP THE LEN6TH OF A TREE'S SHAPOW. THEN WE ZAN 
FILIP THE TREE'S HEI6HT. 

TO SEE THE PROPORTIONALITY, 
KEVIN STAN PS SO THAT HIS 
HEAP, THE TREETOP, ANP THE 
SUN AUU UNE UP. THEN THE 
RATIO OF HEISHT TO SHAPOW 
LENSTH IS THE SLOPE OF THIS 
UNE, WHETHER WE’RE TALKING 
ABOUT KEVIN, THE TREE, A 
SMALL UPRI6HT STIZK, OR 
ANYTHING 



FOR THE ALSEBRA, LET 

h KEVIN'S HEISHT 
H - TREE’S HEISHT 
l - KEVIN’S SHAPOWS LENGTH 
l - TREE'S SHAPOW LENGTH 

THEN 

H_ _ h_ 

L * l 

MULTIPLYIMS BOTH SIPES BV L t 
WE SET 


IF, FOR INSTANCE, KEVrN IS 1.0 METERS TALL, HIS 
SHAPOW IS 2 5 METERS LONS, ANP THE TREE’S 
SHAPOW IS 34 METERS LONS, THEN 


W_ , U0 H _ (1.0X34) 

34 ~ 2.5 ’ ' 2.5 

W * 24.40 METERS IS THE TREE'S HElSHT. 



Important thing 
to remember, 
which you may 
already know 
but which always 
bears repeating: 


IF A, a, 8, ANP b ARE IN PROPORTION, IN OTHER 
WORPS, IF 8/A s b/a, (ANP a, b, A, ANP 8 ARE NOT 
ZERO), THEN ALSO 


Ab*aB t f, 
a b 


£ - A 

A ' B' 


£ - A 

b ' 8 



IF you KNOW 
ANy THREE 

values, you 

ZAN FINP THE 
FOURTH. 














Problems 

1. MOMO BABy*lT* FOR HOUR* ANP I* 

PAlP *19,25. WHAT 15 HER HOURL? PA/ RATE? 

2.1 FILL My LAR WITH *A*OLINE AT 
$3.*9/*ALLON. THE LO*T (5 *44.20. IF 
«y *A* TANK'* TOTAL LAPALrTY 15 15 
6ALL0N*, HOW MULH *A* WA* IN THE 
TANK WHEN I 5TARTEP TO PUMP? 


5. IF A PIELE OF LAKE WEI*H* 14 OUNLE*, AMP 
IT TAKE* A WEEVIL * MINUTE* TO EAT IT, WHAT 
I* THE WEEVIL’* RATE OF GATING rN OUNLE* 
PER MINUTE? WHAT I* THE RATE IM PIELE* PER 
MINUTE? 


8. TWO LAR* ARE 120 MILE* APART. THEy 
BE*IN PRlVlN* TOWARP EACH OTHER AT THE 
*AM£ TIME. ONE LAR *0£* 70 MI/HR; THE 
OTHER *0E* 00 MI/HR. 

fl. U5E THE RATE EQUATION TO FINP WHEN 
ANP WHERE THEY MEET. 

£>. THINK OF THE OAR* A* "EATIN6 UP THE 
ROAP" BETWEEN THEM. I* THERE ANOTHER 
WAV TO *01VE THf* PROBLEM? 



4. A LAKE WEI6H* 500 6RAM*. A WEEVIL 
B£*!N* EATIN6 AT A RATE OF 15 */MIN AT 
645 AM- HOW MULH LAKE I* LEFT AT 7:10? 


5. A WEEVIL I* EATIN* 
A PIELE OF LAKE. IF 
THERE ARE 5 OUNLE* 
OF LAKE NOW. ANP THE 
WEEVIL WA* EATIN* AT 
A RATE OF 2 02/Ml N, 
HOW MULH LAKE WA* 
THERE 10 MINUTE* 
A*0? 


6a. LELJA LAN MOW A LERTAIN LAWN IN 
3 HOUR*. JE*SE LAN MOW THE *AME LAWN 
IN 2 HOUR*. HOW LON* POE* IT TAKE THEM 
TO MOW THI* LAWN WORKING TOGETHER? 
HOW LON* WOULP IT TAKE THEM TO MOW A 
LAWN TWILE A* Bl*7 


9. rr TAKE* JE**E 30 *ELONP* TO RUN FROM 
POINT A TO POINT B. IT TAKE* LELIA 25 
*ELONP* TO RUN THE *AME PI4TANLE. (F HE 
BE*IN* AT A ANP *UE BE*IN* AT B, WHEN ANP 
WHERE PO THE/ MEET IF THE/ BE&AN RUNNIN* 

AT THE *AME TIME? WHEN ANP WHERE PO THE/ 
MEET IF *HE *TART* 5 *ELONP* AFTER HE POE*? 


10. MOMO I* 54 INLHE* TALL, HER *HAPOW I* 
27 INLHE* LON*. AT THE 6AME TIME, *HE 
MEA5URE* A TREE’* *HAPOW TO BE 41 FEET 
LON*. HOW TALL I* THE TREE? 

11. LELIA, 4TANPIN* ON THE BEALH, *£E* A 4HIP 
IN THE WATER, NEAR?/ *HE AL*0 *EE* A BUO/ 
KNOWN TO BE 100 /ARP* OFF*HORE. I* THERE A 
WA/ *HE LAN FINP HOW FAR AWA/ THE *HlP I*? 


3 ^- 




6f>. HOW LON* WOULP IT TAKE IF JE**E 
*TART* M0WIN6 HALF AN HOUR AFTER LELIA? 



12. A RELTAN*LE OF WIPTH CT ANP HEI*HT b HA* 
IT* LOWER LEFT LORNER AT THE ORI&IN. WHAT I* 
THE EQUATION OF THE PIA60NAL LINE RUNNIN* 
FROM LOWER LEFT TO UPPER Rl*HT? 


13. IT TAKE* ONE PER- 
*0N tO MINUTE* TO PI* 
A HOLE IN THE &ROUNP. 
LOULP 20 PEOPLE 
REALL/ PI* THE *AME 
HOLE IN ONE MINUTE? 

0==<s) 



7. JE**E LAN LAN MOW A LAWN IN A TIME 
PERIOP p. MOMO LAN MOW THE *AME LAWN IN 
A TIME PERIOP q. HOW LON*, IN TERM* OF p 
ANP q, POE* IT TAKE THEM TO MOW THE LAWN 
TO*ETH£R? 











Chapter 12 

About Average 



BECAUSE OF A FRUSTRATING 
EXPERIENCE I ONCE HAP. 

IT WAS, YOU MIGHT SAY, A 
WORSE-THAW-AVERAGE 
EXPERIENCE, ANt? ft? U<E 
TO SAVE YOU FROM EVER 
HAVING TO SUFFER 
TMROU&H IT YOURSELF. 

THE PROBLEM BEGAN WITH 
AN ELECTRIC BILL, ANt? 

IT SHOWS HOW GOOt? IT 
m BE TO HAVE SOME¬ 
THING TO PLUG INTO 
BESIDES A WALL OUTLET. 











JKl A BUlLPINS WHERE I 
USEP TO HAVE STUPIO 
SPACE, THE eiGCTMC 
?IU WAS PIVIPEP MOU& 
SEVERAL PIFFERENT 
TENANTS. THE 5PL IT 
PEPENPEP WORE OR 
LESSJ ON ACTUAL USA6E, 
$0 WE ALL PAIP A 
PIFFERENT FRACTION OF 
THE BILL EVERY MONTH. 



STOP USlNS THE 
ELE£TF?I^ PENCIL 
SHARPENER, 60NICK! 


^AFTER SOME TIME, ONE OF THE TENANTS-CALL HIM p. * * < * - ASKEP TO MEET WITH THE REST*'’ 

OF US TO PISCUSS THE ELECTRICITY. HIS RECENT BILLS LOOKER SOMETHING LIKE THIS. 

HE PAIP 14% IN JUNE; 

' " 17%injulyi 

“ “ 14% IN AUGUST-, 

" ■ 21% IN SEPTEMBER; 

“ ° 2.6% IN OCTOBER; 

■ ■ 10% IN NOVEMBER; 

- « 29% IN PECEMBER. 



"I TAKE THE AVERAGE." HE SAIP-MEANIN& 
THAT HE APPEP UP THE SEVEN NUMBERS 
ANP PIVIPEP BY 7- 

14+17+M+2 5+U+W+Z8 
7 




(~ >i 

WHY PON’T 

I JUST PAY : 
22% EVERY 
MONTH? 

k J 


\U 




















^SEVERAL OF THE OTHER 
TENAMTS SAW THAT 
THERE WAS AM ERROR 
IN P*»»»«'S REASONING, 
m WHEM WE TRIER TO 
EXPLAIN IT TO HIM, HE 
REFUSE!? TO LISTEN. IT 
SOT VERY HEATEP- 




I Fl&UREP 
IT OUT 

mathematical.!^ 



*N 


J 


OF BOURSE, THE QUESTION (S; WHAT WAS ..’S MISTAKE? 
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Heights 

WE ALU HAVE AM [PEA ABOUT WHAT IT MEANS TO BE AVERAGE. AM AVERAGE PERSON IS IN THE 
MIPPLE, COMPARE? WITH OTHER PEOPLE. FOR INSTANCE, THE AVERA6E HEIGHT OF OUR FRIENPS 
HERE IS SOMEWHERE BETWEEN 54 INCHES, THE SHORTEST, ANP 66 INCHES, THE TALLEST, 



THE AVERAGE OF TWO NUMBERS "SPLITS 
THE PIFFERENCE'’: IT’S EXACTLY HALFWAY 
BETWEEN THEM. HERE THE PIFFERENCE IS 
12; THE AVERAGE IS 60. 



&IVEN ANY TWO NUMBERS W ANP h WITH H^fl, 
HALF THE_PIFFEREWCE IS (H-h)/l; THE AVERAGE, 
WRITTEN /), IS h PLUS THE SPLIT PIFFERENCE, 
ft + (W-ft}/2. THIS CAN BE SIMPLIFIED BECAUSE: 



ft + W* fi + fn-CM-fj) 
= 2ft + (W - ft) 


= 2(fi + —) 
= Zh SO 


h = 


fUh 

2 


THE AVERAGE OF TWO NUMBERS IS HALF THEIR 61 ML SIMILARLY, THE AVERAGE OF MANY _ 
NUMBERS A„ A 1( A ? , ..., A„, IS 1 to TIMES THEIR SUM. AOAlN WRITING THE AVERAGE AS A, 


j^ a 

© 






































'"THE AVERAGE HEIGHT OF ALU 
FIVE OF OUR HEROES, THEN, 15 


66 + 66 + 64 + 60 + 54 




~\ 

MOTE THAT WE 
APPEP SS TWIdE, 

; BECAUSE TWO 
PIFFEREMT PEOPLE 
HAP THAT HEIGHT! 

V.____ J 




WE <:AK1 ALSO ASK ABOUT SEPARATE HEIGHT AVERAGES FOR MALES AMP FEMALES. THESE ARE- 



V. 




FINALLY WHAT HAPPENS WHEW WE 
AVERAGE THE MALE AMD FEMALE 
AVERAGES? LET’S SEE... 



(TLOSE. BUT NOT A2/H 

COMBINING ONE GROUP'S 
AVERAGE WrTH ANOTHER 
GROUP'S AVERAGE GIVES A 
WFFEREUT RESULT FROM 
THE AVERAGE OF EVER/ONE 
TAKEN TOGETHER.'? 





















Weights 

MOW LETS FORGET 
ABOUT HEIGHT* AMP 
^IMPLy THINK Of TWO 
POINTS A ANP B ON 
THE NUMBER LINE. THE 
AVERAGE (A + BV2, 
HALFWAy BETWEEN THE 
POINTS, IS WHERE THE 
LINE SEGMENT BETWEEN 
A ANP & WOULP 
BALANCE LIKE A SEE¬ 
SAW. 



IT WQULP BALANCE, THAT IS, IF THERE WERE 
EQUAL WEIGHTS AT EACH CMP. BUT WHAT If 
THE WEIGHTS ARE DIFFERENT? 



IF THE WEIGHTS ARE PIFFERENT, THE BALANCE 
POINT HAS TO BE CLOSER TO THE HEAVIER 
ENP, AS you MAy KNOW FROM PLAy&ROUNP 
EXPERIENCE. WHERE IS THIS POINT? 



LUmiy, THE SEESAW IS PESCRIBED By A SIMPLE EQUATION THAT WILL LOCATE THIS BALANCING 
POINT OR GENTEff OF GRAVITY. IF W A IS THE WEIGHT AT A, W e THE WEIGHT AT B, i A THE 
LENGTH OF A’S SIPE, ANP THE LENGTH OF F’S SIPE, THEN 



LI# 


d 

a 





IN BALANCE, THESE PRODUCTS ARE 
EQUAL. IF THE WEIGHT W A GOES 
UP, ITS DISTANCE L A MUST GO 
POWM IN ORPER TO KEEP THE 
PRODUCT W a L a THE SAME. 























Example 1 ♦ LETS USE THE SEESAW 

EQUATION TO FINP A CENTER OF GRAVITY. SUPPOSE 
THE NUMBERS ARE A =9 AWP B- 9, IF W A -75 LBS 
SITS ON 9, AMP W g -150 EPS SITS ON 9, WHERE 
15 THE CENTER OF GRAVITY 0? 


50Ltrr!0Wi THE LENGTH l A -C- 9; THE 
LENGTH lg - 9-0. PUTTING THAT INTO THE 
SEESAW EQUATION, WE CAM SOLVE FOR 0, 

w a l a = W s i.g 

75(0-9) * 150(9-n 

0 - 9 - 2(9-0) PIVIPIN6- py 75 

0-9 = 18-20 

50 * 21 

C = 7 



WMEWW£R£ 
TW THERE... 




FOLLOWING THE 5AM E STEPS FOR ANY NUMBERS A< B ANP WEIGHTS W A AMP W f , WE CAN 
FINER THE CENTER OF GRAVITY 0. FIRST NOTE THAT t- A = 0 - A ANP Lg = B - 0; THEN... 


W a L a * 

IV A (0 - A) * Wg(B - o 
W A C + W S C * W a A + WgB 

aw, ♦ w,t =. w,a * w,e s*,. 



W a A + 

W A + tv„ 


THIS POINT IS ALSO CALLEP THE WEISHTCP AVERAGE OF A ANP B, WITH THE WEIGHTS 
W A AT A ANP Wg AT B. 


Example 1 Again. 

NOW WE CAN SIMPLY PLUO THE 
NUMBERS FROM EXAMPLE 1 INTO 
THE FORMULA FOR 0- OF COURSE 
WE C-ET THE SAME ANSWER! 

c _ (75?(9) » (150)(9) 

75 +150 

_ 225 +1950 
225 

* 7 







AN? WE CHECK (AS WE PIPN'T THE FIRST TIME); L^4, 
Lg-l, ANP THE SEESAW EQUATION IS SATIS FI EP. 

(4)(75) * (2)(150) * 900 

__ J 























LET’S PLAY AROt'WP WITH THE WEIGHT- 
EP AVERAGE FORMULA SOME MORE TO 
6ET A BETTER FEEL FOR IT-AMP ALSO 
TO SIMPLIFY OVULATIONS. FOR 
SIMPLICITY, WRITE W FOR THE SUM OF 
THE WEI&HTS; 

W * W t + W s 



IN EXAMPLE f, THESE RATIOS WERE 


MOW WORK ON THE FORMULA. 


y- %A + W g B 

W 

W A , W Bl2 


% 75 _ 1 

w £25 " 3 

Wg ISO 2 

W 'Wi' ? 

AMP THE WEI^HTEP AVERAGE OF 3 ANP 9 WITH 
WEIGHTS 7S AMP ISO IS SUPPEMLY VERY SIMPLE! 



THOSE COEFFICIENTS Wy f W ANP 
Wg/W m SPECIAL^ THE/ APP TO 1. 




UZ 






















TUI* MEAN*; THE WElGHTEP AVERAGE PEPEN p* 
NOT ON THE VALUE OF THE WEIGHT*, BUT ON 
their FRACTION OF THE TOTAL WEIGHT. 

A* LONG A* THE*E FRACTION* ARE THE SAME, 
THE WEfGHTEP AVERAGE I* THE SAME' 



NOW WE CAN THINK OF A WElGHTEP 
AVERAGE OF A ANP B A* A SUM 



WHERE p+<f * 1, (THINK OF 1/3 ANP 
2/3, 1/4 ANP 3/4, 2/5 ANP 3/5, ETC.), 


<- 9 ->«— P-■> 

• • » 

0 9 1 

THI* NUMBER pA +<?g I* "<? OF THE 
WAy FROM A TO B" A* IN, WHEN B I* 
W0GHTEP BV §, THEN THE WEI6HTEP 
AVERAGE I* f OF THE WAy FROM A TO 
0. ALGEBRAICALLY, *TART AT A ANP APP 
<?(0-A) TO GET C ' 4 +q(8-A). 


<-<? CP - A)-» 4- p(P-A) -» 

» ♦-• 

A A + q(P-A) P 

BECAUSE 

A + <?(P-A) 

= (1-ij)A + qB 

- pA + qB (SUBSTITUTING p~\-q) 

IN EXAMPLE 1, yOU CAN *EE THAT 7 I* 
EXACTLY | OF THE WAy FROM 3 TO 9. 

THE WEIGHTED 
AVERAGE 15 AL¬ 
WAYS CLOSER TO 
THE "HEAVIER” 
END. 



1*3 


















OffAV— It THERE hUY U*E 
FOR WEI&HTEP AVERAGE*, 
A*1PE FROM BALAMOM& 
*EE*AW*? YW. WE MUST 

m wei&mtep averages 

WHEN AVERA6IN6 RATE4 
Off OTHEff AVERAGES. 



I ALWAYS tm 
MATH It A PUy- 
6R0UNP! 


Example 2* back to 

BUT WE JU*T 6AW THAT 64 + 34 - IF ' 

AVERAGE HEIGHT* Otl ?. m, LET * 

AMP 66 + 66 + 60 - 3k, to 

WRITE F FOR THE FEMALE AVERAGE AHp 



M FOR THE MALE AVERAGE. WE HAVE 


j\ ~ IF + 3/M 

= 64 + 34 tt 66 + 66 + 60 



2 3 

to 


= *!>i 



5 5 

64 + 34 ^2F 66 + 66 + 60 -3k 



_ 


h— —5 S i*_A WEIGHTED AVERAGE 

THE OVERALL AVERAGE HEl&HT H it 

1 

' ^ OF F AMP Art, WHERE Ft 

WEIGHT It THE HUMBER OF 

- 64 + 34 + 66+66+60 


FEMALE* (2) AMP M’t WEIGHT 

3 


It THE HUMBER OF MALE* (3). 

V 


J 


we an check mt. 

\ ( 59 ) + 1 ( 64 ) 
t 3 

* 23.6 + 38.4 

* £2 

EXACTLY THE OVERALL 
AVERAGE. 
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mom Examples: 


3* A OR &QES FORWARD SO MJ/HR FOR 4 HOUR*, 
THEN SPEEPS UP AM? <SOES 10 iMr/WR FOR 
2 HOURS. WHAT’S THE AVERAGE SPEEP V OVER 
THE FULL 6 HOURS? 



AO Mf/HR 70 MI/HR 


SOLUTION: V IS THE TOTAL PISTAN£E 
PlVIPEP BY TIME TOTAL fc 


(AO MI/HRX4 hr; + [70 MI/HR)[2 HR) 
t = 4 HR + 2 HR 

_ (4)(i0)+(2)(70) Z2 1.„ 

v - - - 6?* MI/HR 

A 5 


THIS IS THE WEJAHTE? AVERAGE OF THE 
SPEEPS- EAiH SPEEP IS WEI6HTEP BY THE 
AMOUNT OF TIME SPENT AT THAT SFEEP. 


4* A MATTER HITS 330 IN HIS FIRST 100 AT-BATS AMP 
.205 IN HIS NEXT 200 AT-BATS. WHAT WAS WS OVERALL 
BATTIN& AVERAGE? SOLUTION: HIS BATTlNO AVERAGE f&.A.) 
IS TOTAL HITS PIVIPEP BY TOTAL AT-BATS, OR 

_ 000X330) 4- [200)[.205) TOTAL HITS 
100 + 200 ^ TOTAL AT-BATS 


IT’S ANOTHER WElOHTEP 
AVERAGE. CASH PARTrAL BAT- 
TINO AVERAGE IS WEI6HTEP 
BY its NUMBER OF AT- 
BATS- THIS WORKS OUT TO 
£[330) +1 [.205) - ,?0a 








Ik GENERAL, IF SOMETHING HAPPENS AT RATE r, FOR 
TIME t„ THEN £HAN6ES RATES TO r 2 FOR TIME t 2 , 

THE OVERALL AVERAGE RATE r FOR THE FULL TIME 
IS THE WEI6HTEP AVERAGE OF r, ANP r 2 . EALH RATE 
IS WEISHTEP BY THE TIME IT WAS IN EFFECT- 








U5 















By THE WAV, THE ORPINARY 
AVERAS-E (A + PV2 IS A 
WEI£HTEP AVERA6-E-WITH 
EQUAL WEIGHTS' IT'S c=l 



WE 4AM ALSO HAVE A 
WEI6HTEP AVERAGE OF 
MANY NUMBERS. IF A,, A 2 , 
A n ARE THE NUMBERS, 
ANP w,, w 2 , ..., w n ARE 
THE WEIGHTS, THEN THE 
WE16HTEP AVERAGE A IS 
THfS: 


ooo 



WHIiH BRINGS US B«K TO AkP THE ELECTRIC BILL. 

(r 


LEAVE ME 
d ALONE! , 

§—v 



P.'S MISTAKE WAS TO 

l&kORE THE AMOUNT 
OF EACH MONTHLY 
BILL . HERE IS WHAT THE 
NUMBERS LOOKEP LIKE, 
ROUNPEP TO THE 
NEAREST WHOLE POLLAR. 

p. ’s per<:enta6E is 

ON THE LEFT, THE 
AMOUNT OF THE TOTAL 
BILL IS IN THE MIPPLE, 
ANP HIS SHARE IS Ok 
THE RI6HT. 




P£T TOTAL BILL ?•***• PAlP 


JUNE 

.14 x #117 - *14 

jULy 

.17 x *122 s *21 

AUGUST 

.14 x *94 * *T3 

SEPT. 

.25 X *174 - *44 

0£T. 

.26 X *215 - *54 

NOV, 

30 x *248 - *74 

PE C. 

.26 x *255 = *7t 

TOTAL 

*1229 *295 





































AT THI6 POINT, THE EA5IE5T WAY TO 
FIMP ?*****'$ AVERAGE PERCEN¬ 
TAGE 16 TO WIPE THE TOTAL HE 
PAM? IN 7 MONTH6 SY THE TOTAL 
FILL OVER THE 6AME TIME. THAT’6 


$295 

$1229 


- 24 % 


NOT THE 22% THAT ?****• 
GOT WHEN HE AVERAGE? THE 
NUMBER6 IN COLUMN t. 



FY NOW you 6HOUIP REALIZE THAT WHAT WE HAVE HERE 16 A WEl&HTEP AVERAGE. EACH 
MONTHLY PERCENTAGE 16 WElGHTEP FY THAT MONTH‘6 TOTAL BILL, WHICH REFLECT6 THE 
TOTAL AMOUNT OF ELECTRICITY U6EP FY THE WHOLE BUI L PING. THERE WA6 MORE U6AGE IN 
THE WINTER MONTN6-THE 6AME MONTH6 WHEN PERCENTAGE? WERE HIGHER, 



6EE? YOU 
JU6T, um, 
PLUG IN- 



MORE U*agE ANP 
HIGHER PERCENTAGE6 


^7l\ 


C.14X117H (.17X122)+C.t4X96H (.25X176)+C.2GX215H (.3X240)+(.20X255) 


117 +122 + % +1TG + 219 + 240 + 255 


^WHY? FILL6 U6UALLY 60 UP rN WINTER, WHEN IT’6 PARKER ANP COLPER-Tn APPlTlON, 

THERE WA6 A PIFFERENCE BETWEEN P“*‘* ANP THE OTHER TENANT6: ?**••• LIVEP IN 
THE BUILPIN&, WHILE THE RE6T OF U6 ONLY WORKER THERE- 60, AT NIGHT, WHEN THE 

RE6T OF U6 WERE AWAY, P.RAN Hl6 LIGHTS ANP ELECTRIC HEATER, ANP UP WENT HI6 

PERCENTAGE- ANP 60 ENP6 THE 6T0RY OF PIG-HEAPEP 
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Problems 


2. FlkP THE WElEHTEP AVERAEES OF 


1. FlNp THE (UWWEIEHTEPl AVERAEE 
OF THE NUMBERS: 

a. 7 anp 17 
t>, 9 AMP 12 

C. I, OOO,OOO AMP 1,000,001 

d, -9 AMP '12 

e, 9 AMP -12 

f, 59 AMP -55 

q. -1 ,000,000 AMP 1,000,001 
h. 19, 21, 29 
l. 5, 50, 2 
105, 4, -100, 1 


fl. 7 WITH WElEHT 9 AMP 11 WITH WEIGHT 1 
b. 1 WITH WElEHT 2 AMP 2 WITH WEIGHT 1 
C, -2 WITH WEIGHT 5 AMP 2 WITH WElEHT 15 

d. 0 WITH WElEHT 11 AMP 12 WITH WElEHT 1 

e. 0 WITH WElEHT 0 AMP A WITH WEIGHT * 

f. 0 WITH WElEHT 9 AMP -1 WITH WEIGHT 9 

q. 100 WITH WEIGHT ,23 AMP 1,000 WITH WEIGHT .77 


3. ElVEN AMT FOUR NUMBERS a, b, C, d, 
SHOW THAT 


a C 

rF —- * —- them 
fl+fr c±d 


a 

b 


d 


4. PRAW THE POINT OM THE LIME BETWEEN 
A ANP & IMPliJATEP gy THE EXPRESSION. 


A 


■# 

B 


a. 


10 10 




d.M A, 


1 


e. 


1000 1000 
34 + 20 


■B 


6. SUFFOSE A CAR EOES 40 MI/HR FOR 
3 HOURS AMP 00 MI/HR FOR 2 HOURS, 
WHAT'S THE AVERAGE SPEEP FOR THE 
WHOLE 5-HOUR TRIP? 

7. CELIA TAMES A TRIP TO VISIT HER 
COUSIN 120 MILES AWAy, 601 MS OUT, HER 
SPEEP IS 40 MI/HR-, COMINE BACK, IT’S 
60 MI/HR, WHAT'S HER AVERAEE SPEEP 
FOR THE ROUNP TRIP? ("HINT: HOW MUCH 
TIME WAS SPENT IN EACH PIRECTlON?) 


, 2, 1 * £ 6104 + 3050 

e V? B f '^K - 

5, KEVIN IS HANEINE WEIGHTS FROM A STICK, 
WHICH ITSELF HANES FROM A STRlNE. HE ATTACHES 
A 7-OUNCE PIECE 3 INCHES FROM THE STRINE, AMP 
A 1-OUNCE PIECE 9 INCHES FROM THE STRINE ON 
THE OTHER SIPE. THE THfRP PIECE WEISHS 3 
OUNCES. WHERE MUST HE HANE IT TO MAKE THE 
MOBILE BALANCE? IENORE THE WEIEHT OF THE 
STICK AMP STRlNE, (HINT TAKE C, THE BALANCE 
POINT, TO BE 0.) 


{?. IF A CAR EOES AT A SPEEP V, FOR A 
PISTANCE rf, ANP THEN EOES V 2 FOR A 
PISTANCE d a , FINP AM EXPRESSION IM 
4, d Jp w lP AMP U.; FOR THE AVERAEE 
SPEEP OVER THE WHOLE TRIP. 


9, MOMO SETS 4 AT-BATS IN THE FIRST 
HALF OF THE SEASON ANP HITS .750. IM 
THE SECONP HALF OF THE SEASON, SHE 
EETS 92 AT-BATS AMP HITS -290- WHAT'S 
HER BATTIME AVERAEE FOR THE SEASON? 



1 0. THAT SAME SEASON, JESSE'S FIRST- 
HALF BATTINE AVERAEE WAS LESS THAN 
MOMO'S, ANP HIS SECONP-HALF BATTINE 
AVERAEE WAS ALSO LESS THAN MOMO'S 
SECONP-HALF AVERAEE. IS IT POSSIBLE FOR 
HIM TO HAVE HAP A HIEHER BATTINE 
AVERAEE FOR THE FULL SEASON? 


















Chapter 13 

Squares 


To SQUARE A NUMBER 
means to Mummy it ey 

ITSELF, LIKE THIS; 



WE £AN ALSO SQUARE A 
VARIABLE, LIKE THIS - . 



JUST TO REMINP yOU, ITS 
CALLEP “SQUARING" X 
BEdAUSE x Z IS THE AREA 
OF A SQUARE WITH ALL 
ITS SIPES EQUAL TO X. 

EXPRESSIONS CONTAINING 
SQUARES OF VARIABLES 
(OR PROPUdTS OF TWO 
DIFFERENT VARIABLES} 
SUCH AS 4 x 2 -?xy+ y 2 , 
ARE CALLEP QUAPRATId, 
FROM THE LATIN QVAPRA, 
MEANING "SQUARE." 


X 




1A9 







THE 0LPE5T KNOWN QUAPRATlC QUE5TION 15 A 4,000-YEAR-OLP BABYLONIAN PUZZLER: 
GIVEN THE TOTAL PI5TAMCE AROUNP A RECTANGULAR FIELP, ANP THE FIELP’5 AREA, HOW 
LONG ARE IT5 5IPE5? FOR IN5TANCE, IF THE PERWIETER fTHE PI5TANCE AROUNP) 15 32, 
ANP THE AREA 15 6?, FINP TWO NUMBER5 r AM? S 50 THAT 2r+ 2s *32 ANP rs * 63. 


r 



r 


Zr+2s = 3Z 
rs * 63 




J 


THAT PRODUCT rs 15 A CLUE 
THAT WE’RE IN QUADRATIC 
TERRITORY HERE... 



r -\ 

ANOTHER OLPfE-ANP ONE OF THE COOLE3T OF ALL OUAPRATIC RELATION5HIP5-COME5 FROM 
THE ANCIENT GREEK PYTHAGORAS. PYTHAG0RA5 5H0WEP HOW TO EXPRE55 THE PITTANCE 
BETWEEN TWO P0INT5 Ok A PLANE IN TERM5 OF THE RI5E ANP THE RUN BETWEEN THEM, IF 
x 15 THE RUN, y 15 THE RI5E, ANP r 15 THE PI6TANCE, THEN THEY 5ATI5FY A 5rMPLE FORMULA; 



(YOU’LL 5EE WHY 
JT'5 TRUE WHEN 
YOU TAKE GEO- 
METRY, BUT IT 
15 kieVER TOO 
EARLY TO LEARN 
THI5 FABUL0U5 
FORMULA!'') 


J 
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ANP THEM THERE’S 0ALUS' 
TIES, OR AIMING CANNONBALLS. 
IT TURNS OUT THAT yOU CAN 
EXPRESS THE BALL’S HEIGHT h 
Ik TERMS OF ITS (HORIZONTAL) 
PISTANCE 5 FROM THE CANNON 
LIKE SO' 


h - as z +bs+h 0 

HERE IS THE HEIGHT 
OF THE CANNON ITSELF, 
WHILE a AMU b ARE 
NUMBERS PEPENPIN6 Ok 
THE TILT OF THE SUN AMP 
THE SPEEP OF THE BALL 
AS IT EXITS THE MUZZLE. 

WHEN THE CANNONBALL 
HrTS THE 6ROUNP, h~O t 
AMP THE PROBLEM IS TO 
FINP THE VALUE OF $ AT 
THAT POINT. IN OTHER 
WORPS, THE SUMNER HAS 
TO SOLVE THIS EQUATION 
FOR S'. 

as z +bs+h 0 = 0 


V. 



J 


JUST IMAGINE THE INTEREST! AMP SO, MOT TOO LONS AFTER CANNON ARRlVEP IN EUROPE, 
QUAPRATIC EQUATIONS FOLLOWER. 
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OUR FIRST QUADRATIC WILL BE- 

The Expression (x+r)(x+s) 


BY NOW, WE HAVE SEEN MANY 
EXPRESSIONS LIKE a(c+d~) ANP 
b(c + d). WHAT IS THEIR SUM? 

a(c+d) + b(c+(ft * ? 

RESARPIN& C+d AS A SIN&LE 
NUMBER, WE CAN USE THE 
PISTRIBUTIVE LAW TO PULL 
THAT FACTOR OUT OF THE SUM; 




YOU CAN PRAW (a + b)(c+d) AS A 
RECTANSLE, ITS TWO SIPES BEIN& 
a+b ANP c+d. THE TOTAL AREA, 
(a+bXc+dX IS THE SUM OF THE 
FOUR SMALLER BOXES' AREAS- 



a 


b 


ac 

be 

ad 

bd 


172 















r H0*l 5UPP0^C r AKJP s ARE AMY NUM¬ 
BERS. USIN6 WHAT WE JUST LEARNER 
WE aw EXPAWP (x + rXx+s). 

Gf+rXx+s) 


* xx + rar + sx + r$ 

' * 2 +(r+s)x + rs 


THE RESULTING QUAPRATIZ EXPRESSION 
IN x HAS A INSTANT TERM EQUAL TO 
THE PROPUCT r$, ANP A "LINEAR 
COEFFICIENT," THE COEFFICIENT OF x, 
EQUAL TO THE SUM r + g. _ 


X r 


X 1 

rx 

$x 

rs 


THE SHAPEP AREA 15 rx+sx - (r+s)x. 


J 


Examples: 



2, Cx + tXx + 7) 

= x 2 +(1+7)x + (1X7) 
= x 2 + 9x + 7 

EXAMPLE* 3-SHOW 
THAT r ANP 5 WEEP 
NOT BE POSITIVE, 


3.(x-1Xx*2) 

= x 2 +C2-1)x + MX2) 


= x 2 +x-2 


5. (x-IXx-?) 

*x z +w-vx+(-rx-v 

= X 2 -4x + ? 


4. x(x + 3) 

(HERE r=OJ 


x 2 + 3x 


X 

BY THE WAV, PIP you 
RECOGNIZE THE 
"BABYLONIAN NUMBER*' 1 
THAT POPPEP UP HERE Ik 
THE COEFFICIENTS r? ANP 
r+s? WELL, ACTUALLy, 
r+S I* ONLy HALF THE 
BAByLONIAk SUM 2r+2s, 
BUT THAT'S NO m PEAL) 
HOW ABOUT THAT? 




CIVILIZATIONS SET OLP, 
BUT MATH^NEVER? 


"\ 
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Two SPECIAL CASES 


(x+r ) 2 

WHEW WE SQUARE THE UNEAR 
EXPRESSION (*+r), THE RESULT 
HAS A BEAUTIFUL PATTERN: 

(x + r) 1 ~x 1 +2rx + t l 


x r 


x 2 

rx 

rx 

r 2 


{ > 
THE TWO 5HAPEL? 

M A5 A W UP TO.., 

mtAM... nn-rx,.. 


V [ 2rx?1 



Example 6* these really 

ARE ADORABLE, AREN’T THEY? 


(x + 1 f * x 2 +2x + 1 
(x + 2) 2 - X 2 4-4x + 4 
(x + 3? = x 2 +Sx + 9 
(x + 4) 2 ^ x 2 +0x + U 


SQUARES WITH 
NEGATIVE r 
ARE PRETTY 
OJTE TOO... 



(x-1) 2 - x 2 - 2x + I 
(x-2) 2 = x 2 -4x + 4 
(x-?) 2 = x 2 -Sx + 9 
(x-4) 2 - x 2 - ex + IS 


(x+r)(x-r) 

THIS ONE MASl«LLY SETS RIP 
OF THE MIPPLE TERM, BECAUSE 
r+f-rJ^O. THE CONSTANT 
TERM IS (r)(-r) * -r 2 . 

(x + r) C* - r) s x 2 - r 2 


Example 7* WHEN r*1, 

THIS BECOMES ANOTHER 
BEAUTIFUL FORMULA: 

* 2 - 1 * Cx+ 1 )(*-t) 

AWP ALSO 

x 2 - 4 = (x + 2)(x-2) 
x 2 - 9 * (x+3)(x-3) 












x-r 



UA 


x-r 


x-r 

























MENTAL ARITHMETIC Trick: 

THE EQUATION Cx+1)(x-1) = x 2 -1 OPEN* A SHORTCUT 
FOR MULTI PLY! N6 MUMPERS THAT PIFFER BY 2. 


Example 8» TO MULTIPLY 15x17, we Frfi*T 
NOTICE THAT 15-16-1 ANP 17= 16 + 1, 60 


15x17 = (16-1)06 + 1) = 16 2 - 1 = 256-1 

-255 


TO PO THE6E PR0PUCT5 
IK yOUR HEAP, YOU'LL 
WEEP TO MEMORIZE 50ME 
WUARE6-. THI5 TABLE 
WILL 6IVE YOU A 5TART. 



THE TRl£K WORK* FOR AKiy PAIR OF NUMBER* THAT PlFFER BY A 
5MALL EVEN NUMBER. 5PLIT THE PJFFEREN6E ANP U5E THE FORMULA. 



Example 9. fimp 9 9x101. 

THE NUMBER 100 l* HALFWAY BETWEEN 
THE TWO FACTOR*. 

93 = 100-2, 102=100 + 2, 60 

99x102 = 100 2 - 2 2 
= 10,000-4 

- 9,996 


n 

n 2 

i 

t 

2 

4 

5 

9 

4 

16 

5 

19 

6 

36 

7 

49 

3 

64 

9 

91 

10 

100 

11 

111 

12 

144 

15 

169 

14 

m 

15 

119 

16 

196 

17 

199 

19 

314 

19 

361 

20 

400 

21 

<441 

22 

494 

25 

929 

24 

976 

25 

629 

26 

676 

27 

729 

29 

7 94 

29 

941 

50 

900 

51 

961 

52 

1,014 

55 

1,099 
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ROOTS of an Expression 


THE ROOTS OF AN EXPRESSION 
ARE THE NUMBERS WHERE ITS 
VALUE IS ZERO. IN S/MBOLS r 
IS A ROOT OF THE EXPRESSION 
ax 1 * bx + c IF ar 1 * br + c * 0. 


That is, a root of 

ax 1 * bx+c IS ANy SOLUTION 
OF THE EQUATION 


ax 1 * bx + c = 0 


ROOTS ARE VALUES OF THE 
VARIABLE THAT "ZERO OUT 1 * 
THE EXPRESSION. AS WE’LL 
SEE, A QUAPRATIZ 
EXPRESSION 6R0WS OUT 
OF ITS ROOTS SOMEHOW.,, 



V 


m 


J 












Example 10. -2 is a root 

OF THE EXPRESSION 3x 2 + 15x + 1g, 
BELAUSE WHEW WE PLUS IN -2 FOR 
X ANP EVALUATE THE EXPRESSION, 
WE SET ZERO. 

?(-2) 2 +ClS)f-2J+}0 
* (9)f4)-?0 + le 
= 12-3P + W = 0 





(f 

'--THAT IS THE 
QUESTION' 


\ 

/CAM, BUT 
WHERE PO YOU 
■■ PIS UP -2 IN 
THE FIRST 
PLA£E? 

J 




J 


Important NOTEl SIVEN AN EQUATION LIKE ?x 2 +15x + 1 9*0, WE CM 

PIVIPE BOTH SIPES BY ITS “LEAPING LOEFFlOENT," THE LOEFFlLfENT OF X 2 , IN THIS £ASE 
3, ANP THE EQUATION IS STILL TRUE. 


tf+ftx + WnO 
x 2 +$x+6zO 


EITHER EQUATION IS TRUE IF THE 
OTHER ONE IS; THAT IS, THEy HAVE 
THE SAME SOLUTIONS... OR, IN OUR 
NEW LANSUA6E OF ROOTS, THE 

EXPRESSION 3x z +1tx + W HAS 
THE SAME ROOTS AS x z +5x + 6, 



-- 

YOU LAN LHELK 
THAT -2 IS A ROOT 
OF x 2 + S*+S, ANP 
ALSO THAT -3 IS A 
ROOT OF BOTH' 
_ 



WE LAN PO THIS WITH ANy QUAP- 
RATIL EQUATION. THE EQUATION 
ax 1 + bx + C *■ 0 HAS THE SAME 
SOLUTIONS AS 


a a 

AS FAR AS FlNPlNS ROOTS IS 
LONLERNEP, THEN, WE LAN 
ASSUME THAT AN EXPRESSION'S 

LEAPING LOEFFILIENT IS 1. 
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The Roots of (x-r)(x-s) 

Ok PA&E 17?, WE ‘SAW HOW TO 
EXPAkp (x+rXx+s). IF WE CHANGE 
THOSE PLUS St&NS TO MINUSES. WE 
PIMP THAT (x-rHx-s) EXPAND Ik 
MUCH THE SAME WAX. 

(x-rXx-s) = x 1 - rx-sx + (-r)(-$) 

= * 2 -(r+s)# + rs 

WE SAW OWE LIKE THr$ Ik 
EXAMPLE 5. HERE? ANOTHER: 

Example 11* 

C#-4)(x-7) = xM4+7)x + (4)(7) 

= x 2 -1U+2G 




A 





THE ROOTS OF (x- rXx-s) ARE SITTING RI6HT IN FRONT OF US= THEY’RE r AMP S» 
SUBSTITUTING X* r MAKES THE FIRST FACTOR r-r *0, SO THE PROPUCT IS ZERO; 
SIMILARLY, MAKES THE SECOkP FACTOR ZERO, 




r Akp s ARE THE ONLY ROOTS OF THIS 
EXPRESSION, IF X IS ANY NUMBER OTHER 
THAN r Akp s, THEN BOTH x-r AMP x-$ 
ARE NONZERO, SO THEIR PROPUZT IS ALSO 
NONZERO, SO X IS NOT A ROOT. 

LET'S CHECK THE ROOTS FROM EXAMPLE II. 
PLUG 4 INTO *MlX + 29 AMP EVALUATE. 

4 Z - (11X4) 4 29 * 16-44 + 29*0 

YOU CAN CHECK THAT 7 IS ALSO A ROOT. 
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THIS IS WHAT I MEANT EARLIER WHEN I SAIP THAT QUAPRATlC EXPRESSIONS £ROW FROM 
THEIR ROOT'S. WE ARE OFTEN WEN AN EXPRESSION x 2 +bx±c WITH ITS COEFFICIENTS 
1, b, ANP c, WHILE THE ROOTS r ANP S REMAIN HIPPEN- IF WE CAN FlNP THEM, THEN 
WE’LL KNOW THAT OUR EXPRESSION WAS “REALLY" THE PRODUCT (X-r)(x-$). 



\ 

FOR THE CHAPTER’S FINAL ROOT, 

LOOK AT THE EXPRESSION 



(x-V(x + V 


WITH ROOTS 3 ANP -3, OR ±3. 
THIS EXPRESSION EXPANPS TO 
x % - 9, tO ITS ROOTS ARE THE 
SOLUTIONS OF THE EQUATION 
x 2 -9 *0 OR 


THESE ROOTS, ±3, ARE THE 
NUMBERS WHOSE SQUARE IS 9. 
WE CALL THEM THE SQUARE 
ROOTS OF 9, NOW ASK YOUR' 
SELF, WHAT ARE THE ROOTS 
OF THIS EXPRESSION? 


THAT IS THE 
QUESTION WE 
TAKE UP IN THE 
NEXT CHAPTER... 




J 
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Problems 

a b 

1, IM THE RKTAM&tE FROM P, 172 THAT |--- 

ILLUSTRATES {a + b)(c+d) t COLOR IK 

THE PART'S OF rT THAT kW DP TO = 

{(Cc+d); i>(c+<0; («+J>)c. 


t. EXPANP ey MULTlFLyiKlE. 

а. (a +■ 2Hfc + 3) 

б, x(x + 9) 

C. ?x(2x-3) 
d, ft-4)ft + 4) 

Cx-7) 2 


f. (7p-4)(2p-3) 

g. f3 j sc)(2 j x) 
ft. U-9}(x+?) 
f. ft+3) 2 

/. (2jiT3)to-9) 
Jt. 7(p-1)(2p + 9) 


3. QUICKLY £ ALU LATE a. 12x14 ft. 1? X 17 

A. EXPRESS EACH PROPUCT AS A PIFFEREMCE OF SQUARES, 
ANP EVALUATE. 


a. 999 x 1,001 
ft. 999 X 1,009 
C, 1$ x 22 


d. 29 x 35 

e. 0.9 9 x 1.09 

f. 9,999,000x10,001,000 


5. WRITE THE ROOTS OF EACH EXPRESSION 

a. (x-2X*-9) tolf 
ft , (X'2Xx+9) f. (x+6) 2 

C, (x+ 3 )(x +0 g. (x--TXx+?XX' 9 ) 

d. (x+rXx+s) 


6fl. SHOW THAT 3 IS A ROOT OF X 2 - fe + 19. 


66. SHOW THAT '7 IS A ROOT OF 


2x 2 + 17x+ 21. 


E*FANP BV MWmyiMfr 

d, (p 2 + ej)C4+tj) 

f ft + ?f 

b. f a 1 - b)(a l + b) 

q. (lx + if 

c. ft +1)(t 2 -t + 1) 

ft. (3x - 9) 2 

d. (x + 0(| + |) 

f, to + rf 

*t*-i) 2 

j. Cx + If 


7. WHAT IS THE SUM OF THE ROOTS OF 
X 2 - 2000* + 1? 

0. WHAT IS THE PRODUCT OF THE 
ROOTS OF x 2 + 3x - 17,49g? 


k. (x - if 
i (x-))Of + x + l) 

J71, C x - iXx*+ x 2 +x + 1) 
rt. fx-IX* 4 -**** 2 -* +1) 

0. (x - rKx 5 + rx 1 + rSf + r ? x 2 + r 4 x f f) 


ieo 





Chapter 14 

Square Roots 


At THE 0® OF THE WET 
CHAPTER, WE WONPEREP ABOUT 
THE ROOTS OF x 1 - 10. THESE 
WOULP BE SOLUTIONS OF 
X i -]0^0, OR 

x 2 -10 

WHAT NUMBER’S SOUARE IS 10? 
NOBOpy KNOWS EXACTLY' BUT 
THAT POESN’T STOP US FROM 
6IVINS JT A NAME-THE 5PUAPE 
ROOT OF 10-AWP WRITING IT 
POWN THIS WAY, m n 

THE SYMBOL. V~~ IS £ALLEP 
A f?API£AL 6I6N. THE WORP 
<r RAPI£AL," LIKE "R APISH,” 

COM# FROM A LATIN ROOT 
MEANING., ER,.. ROOT. 
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FrRST LET ME CONVINCE yOU THAT THERE IS SUCH 
A NUMBER—BV PRAWJN6 IT. 



( 0 , 0 ) 


ra.n 


THERE' 


THE NUMBER VlO 15 THE PISTANCE FROM THE 
ORIGIN TO THE POINT (3,1). THIS IS PROVE P B'/ 
PYTHA&ORASS MA6IC FORMULA (SEE P. 170), IF 
r IS THE DISTANCE FROM (0,0) TO (x,y), THEN 



HERE r 2 - 3 2 + I 2 - 9 +1 - J0, SO 


r = Vio 

IF you WOT THE LINE SEGMENT AROUNP THE 
0RI6IN POWN TO THE X-AXIS, yOU CAN SEE THAT 
v'l 0 FALLS A LITTLE BEYONP 3. 






NOTE: 'f\0 IS 
ALSO THE SIPE 
OF A SQUARE 
WITH AREA 10. 


THIS NUMBER, VlO > IS SLI6HTLY 
GREATER THAN 3.1622 ANP 
SLI&HTLY LESS THAN 3.1623. 

3.1622* = 9,99990994 
3.1623* = 10.00014129 

MT COMPUTER CALCULATES VlO 
TO FOURTEEN PECIMAL PLACES AS 

3.162 277 660160 30 

BUT EVEN THAT IS A HAIR 
TOO LAR6-E. WE CAN NEVER 
WRITE A COMPLETE PECIMAL 
EXPANSION, BECAUSE l/lO IS 

AN IRRATIONAL NUMBER. 
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That OTHER Square Root 

A POSITIVE NUMBER’S SOU ARE IS OBVIOUSLV 
POSITIVEi 3x3n9. A NEGATIVE LUMBER’S 
SOUARE IS ALSO POSITIVE; 0?X-?) =9. A KIP 
O 2 - 0, IN OTHER WORPS, ALL SQUARES ARE 
NON-NEGATIVE. WO NEGATIVE NUMBER NAS 
A REAL SQUARE ROOT. 


JUST 

UNREAL,’ 



HERE ARE A FEW SOUARE 
ROOTS, NO NEEP TO MEMOR¬ 
IZE ALL THESE''? 


n 


i 

1 

% 

1.4142t?S£.„ 

? 

1.7? 205000... 

4 

2 

S 

2.23GOG797... 

6 

2.44940974... 

7 

2.645751?11,„ 

0 

2,02042712... 

9 

? 

10 

S.1S2277G6.., 

11 

?.?1£62479... 

12 

?.4G410141... 

1 ? 

?.SOSSS127... 

14 

?.741G57?0... 

IS 

?.07290??4.., 

16 

4 


ON THE OTHER HAWP, EVERy POSITIVE NUMBER 
HAS TWO SQUARE ROOTS, ONE POSITIVE ANP 
ONE NEGATIVE. "THE” SQUARE ROOT OF 9 IS 
ACTUAliy TWO NUMBERS, ? ANP THE SYM¬ 
BOL Vn ALWAYS REFERS TO THE POSITIVE 
SQUARE ROOT fOR ZERO, IF n*Ol THE 
NEGATIVE SOUARE ROOT IS WRITTEN -'fn. 

V9”=? -V^=-3 

BOTH ARE SOUARE ROOTS OF 9. 





10 ? 


J 
























ADDING Square Roots 

WHEN APPING TWO SQUARE ROOTS, THERE IS OFTEN WO W TO UPLIFT THE SUM, AT LEAST 
WHEN WE SEE DIFFERENT NUMBERS UNPEft THE RAPI£AL SIGN. HERE ARE SOME EXPRESSIONS 
THAT MUST BE LEFT AS IS; 



\ 

OKI THE OTHER HANP, WHEN THE SAME 
NUMBER APPEARS UN PER BOTH RA5?I£AL 
SIGNS, WE'RE IN IVm 

ifn + Vn - 2^n 

aVn +&V/T -(a+b)y[n 

THIS IS NOTHING BUT THE PISTRIBUTIVE 
LAW. SQUARE ROOTS BEHAVE LIKE AWT 
OTHER QUANTITY. 


Example 1* simpuf/ ?Vi? + zV? + Vi? + «V?. 

WE GROUP LIKE TERMS, SO THE EXPRESSION BECOMES 


?VI? + Vi? + 2V? + 4V? 

= {? + nVi? + (2 + 4)V? 

>Wi?+*V3 

__^ 
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MULTIPLYING Square Roots 

MULTIPLYING SQUARE ROOTS fS EAST-AS LONG AS EVERYTHING IS POSITIVE- 



THE RULE IS SIMPLE- IF a AMP b ARE ANY 
NON-NEGATrVE NUMBERS, THEM THE PROPU£T 
OF ROOTS IS THE ROOT OF THE PROPUGT. 




THIS FOLLOWS FROM POWER LAW #? OKI P. 119: (xyf * *V* IF WE SQUARE THE PROPU£T 
ViT-VF. THIS HAPPENS: 



IF BOTH a A KIP t ARE NEGATIVE (5 0 
THAT <J t»Ol THEN NEITHER 4a NOR 
4b IS REAL, ANP THE RULE POESN’T 
HOLP. IN THAT GASE, 

4ab - 4-a^T-b 

THIS AMOUNTS TO SAYING: IF a ANP b ARE 
BOTH POSITIVE OR BOTH NEGATIVE, THEN 

vQ> * VToi v'itl 


Example 2. ^9 * \/?v? 

Example 3* v't 



m 
























SQUARE FACTORS come out! 


accorping TO THE PROPUCT rule, vV - VTrt] VI«T - (Vk*i ) 2 - la I- THIS FORMULA IS 
$0 HAMpy, I'LL WRITE IT LARGE. 


UNSQUARE 
THE SQUARE, 
BA@yi 




© 


when a>0, rm is siMPLy 



(§P§(&L 


WHICH LETS US PULL OUT ANY SQUARE FACTOR UN PER THE RAP1CAL SIGN (MAKING SURE TO 
UNSQUARE IT WHEN WE VOih 


THE REASON, AGAIN, IS THE 
PROPUCT RULE, 

yfcFb - 

~\a\'{b 



THIS LETS US SIMPLIFY THE SQUARE ROOT OF 
ANy NUMBER CONTAINING A SQUARE FACTOR. 


Example 4. 
Example 5. 
Example 6. 
Example 7. 


\[& =V(9K7)=Vn) 1 (7) = 
yfwo = yfoofm = 1f?V? 


f -\ 

it ?m to 

ROOT ROOT, 
ROOT.„ 



V? + Vt2 = V? + 2V? 

Vl + Vio ^ Vi+i/ii^ 
5 V2+5V2 ~ 6 >[t 



\2b 






















QUOTIENTS of Roots 

quotients mm just like propucts; 

THE QUOTIENT OF SQUARE ROOTS IS THE 
SQUARE ROOT OF THE QUOTIENT. 





ASSUMING. a>0 ANP b>0, THAT ISIJ 


^THE REASON IS THE SAME AS FOR PRODUCTS. {THIS ISN’T SURPRISING BECAUSE QUOTIENTS 

ARE PROMPTS IN PiSGUISE, REALty...) SO, SQUARING THE QUOTIENT ON THE RI&HT GIVES 





lUXjJEL 

\sfbl 


Wi THE RULE 
FOR IMULTIPLyiNG 
FRACTIONS 


a 

b 


SO THE QUOTIENT Vcr /^b IS THE 
SQUARE ROOT OF a/b. 


J 


Example 

Example 

Example 

Example 


8.J1 

M <{4 2 

"'friS 


PONT WE PESERVE SOMETHING 
FOR LEARNING- ALL THIS? 
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Radicals out of DENOMINATORS! 


HERE'S A USEFUL LITTLE 
EOUATlON-ANP IT MAT 
EVEN SURPRISE /OU. 


SINdE you 
sak? you 

LIKE SUR¬ 
PRISES! 








TO SEE THIS, SI my MULTIPLY THE LEFT-HAkp SIPE W SlNdE 'fl/'fl = 1, THE 

MULTIPLldATlON POESN'T £HAW6E THE EXPRESSION'S VALUE- IN THE EMP, THE RAPIdAL 
PISAPPEARS FROM THE PENOMIMATOR. 

1 _ 1 \/2 

<1 


2 

_ J 




THIS WORKS FOR ANY POSITIVE NUMBER OR EXPRESSION UNPER THE RAPIdAL SISN, NOT JUST 2. 
IN OTHER WORPS, WE dAN AIWA/S REMOVE A LONE RADICAL. FROM THE PEMOMIkATORfl 




Example 12* 

i? _ 

V f * a + y £ x z +y 1 




NO MORE 
RAPJdALJ 



































Example 13* FIMP f3 + V2X5 TO PO THIS, WE MOlTlPLy AS we woulp 

AMy PROVMT OF sums. 




) 



(9+V4H5 + 4V2> 

* (3)(5)+5V2 + C?X4)V f 2+4V2\/2 
= 15 + 5\/2+12V2 + 4fV2) 2 
- 15 + !7l/2+(4X2) 

^ 23 * 17^2 



(smew. 1 ) 


THE OR/6IMAL FOUR TERMS SHRANK POWN 
TO TWO. THr^ HAPPENEP SEttUSE Vi 
WAS MULTIPLIEP BY ITSELF, IN OTHER 
WORPS, SQUAREP, MAKIN6 z... 50 THE 
RAPJIAL 5J6N BITES THE OUST.,, 
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r~ --— 

MORE VAMf^WfM^ 
RAPtOW' 

V___ t J 


LOOK WHAT HAPPENS TO THE PROPUCT f a+ft)(a-ftl 
iT'f a 1 -(ft) 1 , THAT If 

(a + y[b)(a-\[b) * a z -b 


Example 14 a. cs+VIiHs-Vzi) * 25-23 * 2 
Example 14 b. V 7 >cVs-Vr>^0-7 -1 


THE SEAUTy OF THIf OWE If THAT IT 
LETf Uf REMOVE RAPI^ALf FROM 
PENOMlNATORf EVEW WHEW THE RAPlOAlf 
ARE dOMBINEP WITH OTHER TERMf, Af IN 

1 

a + yfb 

WE CLEAR THE RADICAL BY MULTIPLyiNC- 
TOP AKIp BOTTOM BY a-ft, 

1 _ 1 a-ft_ 

a +ft a + ft 


a^/b_ 

a 1 - b 


Example 15. fiMpuFy ——— . 

ft* ft 

fOLUTJOW: MULTIPLY NUMERATOR AMP 
PEWOMINATOR By ft - ft, 

1 „ ft-ft 

ft+ ft ft -ft " (ft) 2 - (ftf 

• 4 fr• 



"\ 
























NOW THAT WE'VE PUT SQUARE ROOTS IW THEtR PLASE, LET’S REVIEW WHERE WE'VE SEEM... 


IM THE PREVIOUS 
CHAPTER, WE HAP OUR 
FIRST LOOK AT QUADRATIC 
EXPRESSIONS ANP THEIR 
ROOTS, VALUES OF * 
WHERE AN EXPRESSION IS 
ZERO-.. PUT FINPIM6 
THESE ROOTS REMAINED 
A M/STERfOUS PROCESS. 



IN THIS CHAPTER, WE LOOKEP AT THE SPECIAL ROOTS CALLEP SQUARE ROOTS. AMP WE 
LEARNEP HOW TO APP, MULTlPL/, AMP PiViPE THEM. SQUARE ROOTS ARE SPECIAL BECAUSE 
THE/ SOLVE A SIMPLE EQUATION'- Vp SOLVES THE EQUATION OR x 2 ~p^O. 


'Jp AMP -Vp 
ARE THE ROOTS 
OF X 1 - p ! 



V. 


J 



IM THE MEAT CHAPTER, WE'LL SEE 
HOW TO FIMP THE ROOTS OF AW 
QUAPRATIC EXPRESSION—IN TERMS 
OF SQUARE ROOTS. IN OTHER 
WORPS, WE WILL NEEP TO USE 
THAT RAPICAL Sl&N! REAP ON... 
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Problems 

t. SlMPLlFy By APPINfr, 5UBTRACTIN&, MULTIPLYING, PlVfPJNG, OR REMOVING SQUARES FROM 
UNPER THE RAPICAL «H: 


fl. 

6. V9 + I6 

c. iff + 4^7 

d. 4 + 3vT) 

e. (fZ)(Z\ft) 



1 g 

9 ‘ V5'i/4 

ft. i/F 

(. Vi 7 

<-VT)fVT) 

Jt. (1 + V* )(1-V5) 


(V?+\/?)n + v^) 



o. Vm)M) 


2. IF V? * 1.73205001 ANP 
3S^ = 5.19615242, THEM WHAT 15 

5.19615242 

1,73205001 

APPROXIMATE L7? 

3. SHOW THAT vT + V24 - V?4. 

4. 5HOW THAT Vs +• \[t - 3\/2 . 

5. WI4y 15 15 * V45 x5 ? 

<5. SHOW HOW TO PRAW A UNE OF 
LENGTH VT INCHES. 



7. wwy 15 VCfU/n) = VTirTi/VTnT 7 

9 '. WIT HOUT PQ iNG THE MULTIPLICATION, 
FlNP Vl6*25. WHAT 15 16x25 ? 

9, 5IMPUF7 l/l7 + V68 

10. IF p s , 6H0W THAT 

1 

P ' p+1 

It. WHAT ARE THE R00T5 OF 
x * 2 3 -4? OF x 1 -!? OF x 2 -5? 


12. CLEAR RAPICAL5 
FROM PEN0MiNAT0R5‘ 

a. — 

V? 

5_ 

V5 

a 

iWI 


ft, -2- 


d. 


V f p+2 + ^p 


Vs"- Vft 


13d, EXPAMP (x + Tiflf. 

136. EXPAMP (* + Vfl) 4 5 . 

14. WHAT ARE THE R00T5 
OF (x-Vci") 2 ? 

15. IF a, ft, d, c ARE INTEGERS, 
AMP n > 0, 5H0W THAT 

CaEft\/n"He+dV(0 * p+ijVn", 

WHERE p AMP q ARE ALSO 
INTEGERS. 

1i. IF 0 <u < 1, WHy 15 

a 4 <a? wny 15 Vs">a? 


17. USING A CALCULATOR, 
CHECK THAT 


1 

1/3 + V2 


= V* - . 


WHAT 15 THI5 NUMBER, TO FrVE 
PECIMAL PLACES? 


19. if a t h * c t d m rational 

AMP n^A POSITIVE JHTE&ER, 
*HOW THAT 

a+h)fn r- 

- -= * p + qVn 

c±dyn 

WH£RE p MV q AR£ BOTH 
RATIONAL 
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Chapter 15 

Solving Quadratic Equations 

WE CAk SOLVE AH'/ QUADRATIC EQUATION, REALL/— 

OR SOMETIMES, KIOT SO REALL/... 


As WE’VE ALREAP/ MENTIONED SlVEM AN EQUATlOk 

ff* 2 +/>*+ C = 0 


IT’S owy TO PIVIPE BOTH SIPES B/ a, SO WE'LL ASSUME FOR MOST OF THIS 
CHAPTER THAT THE COEFFICIENT OF x IS I. WE’LL SOLVE THIS EQUATlOk FIRST; 


x 2 + bx + c ~0 


( "\ 
HO FAIR... I PONT 

&ET WRITTEN PQWM 
LIKE ALL THE OTHER 
£0£FFl£lENT*.., 



T 


THAT’S BECAUSE 
YOU PON’T PO 

Akyrnik^!/ 
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Solving by FACTORING 


On P. 170, WE SAW THAT 
THE EQUATION 

(x-r)(x-s)~0 

HAS TWO SOLUTIONS, r ANP ?, 
BECAUSE EACH OF THESE NUMBERS 
“ZEROES our ONE OF THE 
FACTORS. THE SAME IS TRUE OF 

f Xtp)(X + q)*0 

EXCEPT NOW THE SOLUTIONS 
ARE -p ANP -q, FOR THE 
SAME REASON. 



WE ALSO SAW THAT (x + pXx +• q) - x 2 + (p+q}x + fxj. WHAT WE’RE HOPING NOW IS THAT, 
S-IVEN AN EXPRESSION x 2 + bx + c, WE ON “PULL IT APART” ANP FlNP FACTORS x+p ANP 
x+q SO THAT (x+p)(x + q) = x 2 + bx + c. (F WE CAN, THEN IT MUST BE TRUE THAT 





V 






FOR INSTANCE, 6IVEN THE EXPRES¬ 
SION x 2 + Sx+6, IS THERE A PArR 
OF NUMBERS THAT APP TO 5 ANP 

jmjltiply to 6? 

you MAX ALREAPV SEE THAT THE 
NUMBERS 1 AMP 1 P 0 THE TRICK. 


1 + 2^5 
1x2*6 

SO (x+1Hx+2) = xSSx+C. 
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IN GENERAL, TO UNSCRAMBLE OR FACTOR A QUADRATIC EXPRESSION x 1 + bx + C t WE MUST 
FINP TWO NUMBERS WHOSE PRODUCT IS THE CONSTANT TERM c ANP WHOSE SUM If THE 
LINEAR COEFFICIENT b. THE BABYLONIAN PROBLEM LIVES! 



Example 1 ♦ FACTOR X % + Ax + 3. 

STEP t, THINK OF ALL WAYS TO FACTOR 3. 

LUCKILY, THERE'S ONLY ONE WAY: 

3*3x1 

STEP 1 FiNp THE SUM OF THE TWO 
FACTORS OF 3: 

3+1*4 

SINCE 4 IS THE COEFFICIENT OF x, THIS 
PAIR OF NUMBERS SOLVES THE PROBLEM. 

x*+4x+3 * tx + l)(x+3) 

AS YOU CAN EASILY CHECK BY EXPAND 
IN6 THE RI&HT-HANP SI PE. THE ROOTS 
OF xH 4x + 3 ARE -1 ANP '3. 

First find factors 
of c, then check 
their sums* 




Example 2. factor x 1 + iix + 24 . 

STEP 1. THE CONSTANT TERM, 24, HAS 
SEVERAL FACTORIZATIONS: 

24 * 1 x 24 
*2x12 
= 3x9 4 

-Axh 

STEP 2- CHECK FOR A PAIR THAT SUMS TO 
11, THE COEFFICIENT OF x, WE FINP 

3 + 0 * 11 

tnrs SOLVES THE PROBLEM. THE EXPRES¬ 
SION’S ROOTS ARE -3 ANP -6, ANP 

x* + 11x + 24 * tx + 3X* + S) 




J 
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Example 3. factor * 4 - x - 6. 

HERE THE CONSTANT TERM IS NEGATIVE, 

SO IT MUST BE THE PRODUCT OF A POSI¬ 
TIVE FACTOR ANP A NEGATIVE FACTOR. 

Example 4, factor xUix -«. 

AGAIN THE CONSTANT TERM -8 IS NEGA¬ 
TIVE, SO WE HAVE TO GONSIPER ONE 
POSITIVE ANP ONE NEGATIVE FACTOR. 

STEP 1. LOOK AT FACTORS OF -6- 

STEP 1. LOOK AT FACTORS OF -8. 

-6 * f1){-6) 

-8 * (1)(-0> 


* (2)(-4) 

* (W-2) 


* «)(-» 

* cex-D 

STEP 2. WE NEEP A PAIR THAT SUMS TO 

THE GOEFFIGIEMT OF x, WMI6H IS -1. 

THE SE60NP PAIR, 2, -3 POES THE JOB; 

2-3 = SO 

x 2 - x - 6 - (x + 2)(x - 3) 

STEP 2. WE NEEP A PAIR THAT SUM 

TO 2, THE THIRP PAIR, 4, -2, WORKS; 

4-2 * 2, ANP SO 

X 2 + tx - 0 =■ (x +4)(x - 2) 


Example 5* FACTOR x 1 - 1 Ox + 24. HERE c-14>0 BUT b - - 10< 0. THE FACTORS 
OF 14 MUST BOTH BE POSITIVE OR BOTH BE NEGATIVE. BUT TWO POSITIVES GANT APP TO 
-10, SO THE ONiy POSSIBILITY IS TWO NEGATIVE FACTORS. 


1. WRITE 14 AS A PROPUCT 
OF NEGATIVE FACTORS. 

14 * (-W-24) 
(-2X-12) 

(-3X-0) 

(-4X-6) 


2. GHEOCING THEIR SUMS, 
WE SEE THAT 


c 


I AM SO SLAP SOMCBOPy 

THOUGHT OF NEGATIVE NUMBERS... 


-4-6 = -10 
ANP GONGLUPE THAT 

x 2 - \0x + 24 - (x - 4)(x - 6) 
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CLEARLY, IT'S IMPORTANT TO KEEP TRACK OF Sf&NS 
WHEN FACTORING' WE CAW SPECIFY THE Sl&NS OF p 
AMP <? WITH A "LOC-IC TREE” SHOWING WHAT HAPPENS 
FOR EACH COMBINATION OF SI&NS OF b AMP C. 


SPECIFICALLY, 




WE CAN ALSO SUMMARIZE THIS IN 
A TABLE. FOR SIMPLICITY, ASSUME 
THAT lpl>l<?|. (I.C.. p IS THE 
ABSOLUTELY LARGER OF THE TWO.) 


c b 



+ 

p,q>0 

+ 

- 

p,q<0 

- 

+ 

p>0, q<0 

- 

- 

p<0, q>0 
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r 


K. 


ANP THEM 
THERE’S THIS? 



Example 6. factor 


STEP J. FROM THE LOSlC 
TREE, WE SEE THAT p>0 
ANP q<0. SO... 

-6 = MX6) 

= (~2)m 


STEP 2. POE* EITHER 
PAIR SUM TO 2, THE 
COEFFICIENT OF x? 

i-1 = 5 
3~2 = f 


UM... NO... 




J 



OUR STEP-BY-STEP METHOP HAS COME TO A PEAP STOP. WHAT ARE WE 60IM6 TO PO? 


THERE ARE AT LEAST 
TWO WAYS TO SOLVE 
THrS PROBLEM: THE 
BABYLONIAN WAY ANp 
THE MOPERN, AL6EBRAIC 
WAY. WE'LL SHOW THE 
ALGEBRAIC WAY ANP 
LEAVE THE BABYLONIAN 
SOLUTION TO YOU AS A 
PROBLEM. 
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A VERY SPECIAL EQUATION 

LET'S TAKE WHAT M«EHT LOOK LIKE A SI PE 
TRIP AMP THINK ABOUT THIS EQUATION FOR 
A FEW MINUTES. 




TRUE, WE HAVEN’T SEEN EXACTLY THIS EQUATION BEFORE, BUT 
LET’S BLUNPER AHEAP ANP TRy TO SOLVE IT ANYWAY,,. 


MAYBE YOU 
£AN SEE THAT 
WE’RE 60IN6 
TO NEEP OUR 
FRIENP, THE 
SQUARE ROOT... 
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Example 7. save 

(x-3) 2 =2 

Solution simply take the 

SQUARE ROOT OF BOTH SIPES' 

_ *2 xfn WOULP BE EJTHER 

X - 7 - ±v^ SQUARE ROOT.) 



APPFM^ 3 TO 
BOTH SIPES. 
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A&AIN, TWO ANSWERS'- -P + ^P AMP -F-\/p. YOU CAN CHECK THAT THEY BOTH SOLVE 
THE EQUATION By PLU6C-JNS THEM IN. THE -0 TERM CANCELS 0, AN? EITHER SQUARE ROOT 
( + or -) SQUARES TO P. 





J 


THERE’S STILL ONE LITTLE HURPLE... THIS WORKS ONLY WHEN P IS NON-NEGATIVE. 
OTHERWISE, WE'? BE TRYING* TO TAKE THE SQUARE ROOT OF A NEGATIVE NUMBER, AMP 
THAT IS A POSITIVE NO-NO, OR MAYBE A NEGATIVE ONE. 



\ 

HM... WOULDN'T A 
NEGATIVE NO-NO .. 
BE ‘NO-NO-NO.’ 
WHICH EQUALS 
W? 

___ ) 


Example 8* the equation 
(xs-5) 2 - -b 

CAN’T BE SOLVE?, AT LEAST BY 
ANY REAL NUMBER, BECAUSE x+? 
WOUlt? HAVE TO BE tTA , AN? 
WHAT’S THAT? 
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YOU MAY WWQR WHAT WE 
SET FROM SOLVINS SUCH A 
SPECIAL EQUATION. HERE’S 
KM: IT TURNS OUT THAT 
WE CAM WRESTLE EVERY 
QUADRATIC EQUATION 

WITH LEAPING COEFFICIENT 1 
INTO THE FORM (x±Bf - P. 
THAT'S RI6HT' EVERY LAST 
ONE OF THEM. PERI OP. THIS 
BABYLONIAN TRICK IS CALLER... 


Completing the 

SQUARE. 



A6AIN, START WITH AN EXAMPLE. HERE’S THE 
THINS WE COULPN'T FACTOR IN EXAMPLE 6. 

Example 9. solve x 2 + Zx-6~ 0 

OUR PLAN IS TO TURN THIS IMTO AN EQUATION LIKE (x+B) 2 ~ U. FIRST STEP: MOVE THE 
CONSTANT TERM TO THE RISHT. NOW BOTH TERMS ON THE LEFT HAVE A FACTOR OF X. 



BECAUSE x +2* = x(x + 2), WE CAN IMASIME THE 
LEFT-HANP SI PE AS THE AREA OF A RGCTANSLE 
WITH ONE SI PE X ANP THE OTHER SfPE X+2. 


x + 2 



WE'LL WORK WITH THE PART AT THE ENP THAT'S 
IN EXCESS OF X, ANP MAKE THE BEST SQUARE 
WE CAN. 
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first cut off exactlt half the strip, its 

WFPTH IS OBVIOUSL/ 1. IE., HALF OF 2. 


MOVE THE SLICEP-OFF BIT TO THE OTHER SIRE 
OF THE RECTANGLE. 



THE FIGURE BECOMES A LARGE SQUARE 
MISSIH& A SQUARE NOTCH OF SIRE 1. 


X 


x 


1 


THE AREA REMAIMS x(x+t}.„ UMTIL... 



WE COMPLETE THE SQUARE By Filling in THAT 
NOTCH. THIS APRS AH AREA OF 1 Xl s 1. THE TOTAL 
AREA'IT'S A SQUARE HOWlHS (X + J) 2 . 

x I 


APPJNG t TO THE EQUATION’S 
LEFT SIRE MAKES IT A SQUARE, 
TO FRESERVE BALANCE, WE APP 
1 TO THE RIGHT ALSO. 



X 1 + tX + 1 s6 + l 

(X+1) 2 = 7 


ANP THERE'S THE EQUATlOH IN THE 
FORM WE WANT' THE SOLUTIONS; 

X s, '1 ± ft 

CHECK By SUBSTITUTING IN THE 
ORIGINAL EQUATlOH, OR, MORE 
EASILY INTO (X + 1) 2 7. 
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we aw comple re the square just as before, praw a rectangle * gy 

OF ANY QUAPRATIC EXPRESSION x + b, THE AREA IS x{x+b) - x a + bx. 



WITH WO CONSTANT TERM AMP 
LEAPING COEFFICIENT t, THE 
STEPS ARE EXAZTLy THE SAME. 



x+b 


TEAR OFF A STRIP OF WIPTH b/t AMP MOVE IT AROUNP TO MAKE A LAR&E SQUARE MINUS A 
SMALL SQUARE. 


x b/Z b/2 




WE SEE THAT THE ORIGINAL AREA X^+bx IS 
"COMPLETEP" TO (X + b/2) 4 By APPIN6 A 
SMALL SQUARE OF AREA (b/tf =■ b 4 /4. 


THAT IS, COMPLETE THE SQUARE By APPIN6 
THE SQUARE OF HALF THE LINEAR CO- 
EFFICIENT, (b/lf OR b 2 /4. IN syMBOLS, 



(x 2 + bx) + “ s (x + —V 


THE APPEP 
TERM 


/ 


THE PERFECT SQUARE 
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RUNNING THROUGH THOSE SAME FOUR STEP* 
USING- b AMP C rNSTEAP OF 5?£6\flC NUMBERS 
AS Ik THE LAST EXAMPLE, WE £AM SOLVE ALL 
QUAPRATIi EOUATIOMS (EXCEPT FOR THE OWES 
THAT WE £AN’T,J WITH THESE 


QUADRATIC 

FORMULA(s). 


— 

SlVEN THIS EQUATION, WE FOLLOW 
THE RKIPE, 


\ 

STEP 3. EXPRESS THE LgFT-HANP 
SIPE AS A SQUARE. 


x 2 + bx + c * 0 
STEP 1. MOVE THE CONSTANT... 


' 2 ' 4 


x 2 + bx * - c 


STEP 4. SOLVE'! 


STEP 2. COMPLETE THE SQUARE By 
APPIWS i> 2 /4 TO BOTH SIPES... 



6 2 -4c 



TAKING- THE 
SQUARE ROOT 


,»HR 
2 


REMOVING 
THE RAPICAL 
FROM THE 
PENOMINATOR 


J 



2 OS 

































What if a*rT 

AMP WHAT !F THE LEAWN& SOEFFlOEMT 
ISN'T 1? WHAT IF WE RE FA0N6... THIS? 


ax 1 + 6x + c = 0 


WE’RE there; 
WE’RE THERE' 


7 m 


MOT A PROBLEM! PIVIPIM6 THROUGH 
BY d, WE SEE THAT THIS HAS THE 
SAME SOLUTIONS AS 


x 1 + (b/a)x + (c/a) * 0 



MOW THE LEAPING iOEFFlOEMT IS 1, SO WE 
(JAM USE THE QUAPRATIS EQUATION 1, 
REPLACING b BY b/a AMP C BY c/a. rF YOU 
WORK OUT THE ALSEBRA-WHKJH YOU 
SHOUIP.'-YOU WILL FINP THESE ROOTS: 


(« x 


~b ± V b 2 - Aac 
2a 


THIS IS THE QUAPRATIC FORMULA memor- 
IZEP BY iOUKlTLESS 6EHERATIOMS OF AL6EBRA 
STUPEMTS.,, AMP WHY SHOULP YOU BE AMY 
PIFFEREMT? 




J 


— 

KUPOS! AkP 
FOR YOUR 
PRIZE—A 
6I6ANTI,' 
FORMULA' 
_ 
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Example 12, solve 2 * 2 - tx + i* 

SOLUTION: £OMPLET£Ly MlNPLESSLy (THAT* THE 
&EAUTV OF IT'J PLU6 THE £OEFFl£lEWT$ INTO THE 
FORMULA- HERE (1-2, J>- '5, c-3. WE 6£T 


5 tV5 z -(4)(3)(2) 5 ± 1/25-24 


(2X2) 


. 1*1 

4 4 


THAT r$, — ANC? 1. 

2 


WE 4HOULP £HE£K 
THE ANSWER, W 
PLU66-IW6 EA£H 
ROOT M INTO 
THE C?UAPRATI£ 

expression 

AHt? EVALUATING- 
SHOULDN'T WE? 


v_ 



i 

l 


OOb,.. (3/2r IS 
9/4... TIMES 2... 
OH, BROTHER... 


J 


IN FA£T, NO.'/ WITH 
£?VAPRATl£S, THERE’S 
ANOTHER, QUICKER WAT. 
TO £HE£K THAT A PAIR 
r ANP 5 ARE ROOTS Of 
THE OUAPRATId expres¬ 
sion ox 2 +i>x+c, rrs 

ENOUGH TO £HE£K THAT 


r + S --ANP 

a 

c 

r% ss — 
a 



A TOTALLY 
FABULOUS 
LABOR- 
SAVER!,' 
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why? mi, rrs certainly true that 

r ANP 5 ARE ROOTS OF (x-rX#- 
AMP WE KNOW THAT 

U-r) (x- s) - x z - C r+$)x + r? 

SO,.. IF r AMP s SATISFY 
THE “BABYLONIAN EQUATIONS" 
r+s= -b/tJ ANP r$~c/a, THEN 

(x-rXx-s) = x*+ -* + - 
a a 

THIS SHOWS THAT r, s ARE ROOTS OF 


SO THEY’RE ALSO ROOTS OF 
ax 2 + bx + c. 



-^ 

ch mm roots is 

NOW OFFICIALLY EASY' 


THIS WEANS THAT THE 
ORDINAL EXPRESSION 
HAS THIS FACTORIZATION; 


£B 8 «te»<s a ®|s5°ir)(«=s) 


LET'S CHECK THE ANSWERS IN EXAMPLE 12 IN THIS WAY, 
THE ROOTS’ SUM SHOULP BE -(-5)/2- 5/2, AMP THEIR 
PROPUCT SHOULP BE V2. ANP IN FACT: 


J + 1-1 f|)-1 CHECK? 

2 2 2 2 


WE CONCLLVE THAT THE EXPRESSION 
CAN BE FACTOREP AS 


Z(X - ~)(X - 1 ) = (Zx - 3)(X - 1 ) 

2 
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just m??m 

UP NOW,,, 


The DISCRIMINANT 

THE QUAPRATJO FORMULAE SQUARE-ROOT TERM V^-4«c 
RAISES A KNOTTY PROBLEM- THE STUFF IN THERE MI&HT BE 
NEGATIVE! 



mrs QUAMTITy b l - 4 at IS CA LLEP THE EXPRESSION'S P ISO RI Ml N ANT. ITS SI6N 
PISOMMINATES BETWEEN EXPRESSIONS THAT HAVE REAL ROOTS ANP THOSE THAT PONT, 



V 


J 


WHEN b l - 4ac > 0, ALL IS 
(LOOP, THE QUADRATIC FORMULA 
SIVES US TWO REAL ROOTS, ANP 
WE BREATHE A SI&H OF RELIEF... 



WHEN b z -4ac - 0, THE “TWO’ ROOTS ARE 

-b/2a + 0 anp -b/2a - 0 


IN OTHER WORD'S, “BOTH" ROOTS ARE -b/2a, 
ANP THE ORDINAL EXPRESSION FACTORS AS 


b <2- 


a(x + fl 


IN 

mm 
ate we 

5AY IT 

m a 
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Example 13, a Double Root* 

FlMP THE ROOTS OF 4x z - \Zx 4- 9, 

6OLim0N: TO APPLY THE QUAPRAm 
FORMULA, WE FIRST dAUULATE THE 
Pf$£RlMlNANT 


b z ~4ac * M2} 2 -(4)04X9) 


t M4 -144-0 

THE "TWO" ROOTS ARE BOTH 
-b/Za -12 /8 - VI, AMP YOU 

m easily meet : that the 

ORlSIMAL EXPRESSION IS 

4fx- -)* * (Zx-lf 
1 


SO IT’S NOT 
A MIRA&E... 






THE PIS£RIMINANT 61 YES US THIS INFORMATION: 


b 1 ' Aac > 0 TWO REAL ROOTS 

b 1 - Aac - 0 ROUBLE ROOT, 

SQUARE EXPRESSION 

b 2 - 4ac < 0 NO REAL ROOTS 
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Imaginary Square Roots? 

WHAT IF WE PIPN'T STOP WHEN WE HIT A NEGATIVE pi SCRIM IN ANT? WHAT IF WE PRETENPEP IT 
WAG OKAY ANP JUST KEPT SOLVING? THAT’S WHAT GOME ITALIAN MATHEMATICIANS PIP BACK IN 
THE PAY, ANP THE RESULTS WERE... WELL... PRETTY GOOP! 



IT’G NOT 

REAL, BUT 
FT’G USEFUL, 


THERE. 


£=i 



BACK IN Example 8, THE EQUATION (x + 5) 2 * -£ OR X 1 + 10* + 31 * 0 
BROUGHT US FACE-TO-FACE WITH V^C. THEN WE STOFPEP... BUT NOW LET'S CRANK AWAY 
JUST AS IF {1, WERE ANY OTHER NUMBER. (NOTE THAT HERE fa ' 10 ANP c ~ 31.) 



THE "SOLUTIONS" ARE 

r * -5 s = -5 + \^G 

ANP WE REAPILY CHECK THAT 
r + s s —10 = -fa 

rs = <-5) 2 - (VT) 2 
* 25 - f-G)> 


31 


IN OTHER WORPS, THE ROOTS BEHAVE 
JUST LIKE REAL ROOTS. WE JUST PON’T 
KNOW WHAT THEY MEAN) 

_ J 
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THIS LED THE MATHEMATICAL WORLD TO ADOPT A NEW NUMBER, V^t. THIS 
THING, WHICH IS WRITTEN f FOP IMAGINARY, HAS THE UNSETTLING PROPERTY 
THAT I 2 - -1. OTHER THAN THAT, t OBEYS ALL THE USUAL LAWS OF ADDITION 
AND MULTIPLICATION. SO, FOR INSTANCE, 

V^9 = VT V9 * 3i 
4i + 2i * 6i 
(1+0(3+20 

* 3 + (2+3)1* + 2i a 
^ 3 + <2+3)i - 2 

* 1 + 5i 

1 __ a-bi __ a-bi 

a + bi (a+btHa-bi) a 2 + b 1 

THIS WORKS SO MAGICALLY WELL THAT i HAS BECOME A KEY PART OF ALL MODERN MATH. 
THE NUMBER 1 IS OFTEN THOUGHT OF AS A POrNT ON A PLANE, NOT A LINE, AND 
MULTIPLICATION BY f AS A QUARTER-CIRCLE ROTATION AROUND THE ORIGIN. 




NUMBERS THAT COMBINE REALS AND "IMAGINARIES," LIKE 4 + 7i OR 2.718G - 90.10107!, ARE 
CALLED COMPLEX NUMBERS... AND BELIEVE IT OR NOT, IN SOME STRANGE, DEEP SENSE, THE 
REAL WORLD IS BEST DESCRIBED BY COMPLEX NUMBERS... AND THAT’S THE LAST THING I’LL 
HAVE TO SAY ABOUT THAT, IN THIS BOOK ANYWAY'? 



NOW IT’S TIME TO 
WORK ON SOME 
REAL- PROBLEMS... 
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Problems 

1. FACTOR. 

a. x z +4x+3 

b. x 2 +4x+4 

C. x 2 -lx-14 

d. x 2 +8x+ 15 

e. x 2 -lx±\l 

f. x 2 +1x^214 

g. x 2 -x-180 

t. SOLVE BY 
FACTORING. CHECK 
YOUR ANSWERS. 

a. x 2 -4x + 3-0 

b. x 2 +rtx+U*0 

C. X 2 + X - i> -0 

d. x z -4x-9^0 

e. x 2 +9x + W-0 


5. SOLVE By THE QOAPRATlC 
EQUATION AMP BY COMPLETlNG 
THE SQUARE. (TO COMPLETE THE 
SQUARE, WIPE BY THE LEAPING 
COEFFICIENT IF NECESSARY.,) 

a. 3x 2 + 9 x - I s 0 

b. x 2 -7x+11=0 

c. x 2 - x - 1 00 - 0 

d. 9x 2 + \Qx + 1 - 0 

e. x 2 -^3x - | s 0 


&, IF i Z - -1, SHOW THAT 

1 + i . 


7. SHOW WHY 54 IS MOT 
A ROOT OF 

x 2 -73x + 1,027 

WITHOUT PLUGGING rT 
IN TO EVALUATE THE 
EXPRESSION. 


8. SHOW THAT THE ROOTS GIVEN BY THE 
QUADRATIC FORMULA, 

-b + V b 2 - 4ac __ -b-\l b 2 -4ac 
la la 


APP TO 't/a ANP MULTIFLY TO c/a. 


9. COMFLETE THE SQUARE 
OF EACH EXPRESSION, 

a. x 1 - 4x 

b. X 2 -ix 

c. x 2 + X 

d. x 2 + 9x 

e. x l - 4^9 x 


9. SINCE ANCIENT TIMES, TWO POSITIVE NUMBERS p ANP q 
HAVE BEEN SAfP TO HAVE THE GOLPEN RATIO IF 


P B _1_ P , l 

4 P 4 '*? p+q 


4. FlNp THE PISCRIMJNANT. 
IS THE EXPRESSION A PER¬ 
FECT SQUARE? A CONSTANT 
MULTIPLE OF A PERFECT 
SQUARE? WHICH HAVE NO 
REAL ROOTS? 

a. x 2 +4x+3 

b. 1 x 2 + 0 x +8 

c. x 1 * x - 6 

d. 3x 2 - 4x + 5 

s?, x J t9x + 20 

f, jc 4 + 1C?j< + 25 

g. * 2 + + 15 


THAT IS, THE RATIO OF THE SMALLER TO THE LARGER IS THE 
SAME AS THE RATIO OF THE LARGER TO THE SUM. THE GREEKS 
BELIEVER THAT THE GOLDEN REGTANGLG, WITH SIPES IN THE 
GOLP6N RATIO, WAS THE MOST BEAUTIFUL OF ALL RECTANGLES. 


a. SHOW THAT IF p,q 
HAVE THE GOLPEN RATIO 
(WITH p<q), THEN 

<T-P _ P 
P ~ 9 

IN OTHER WORPS, IF 
YOU REMOVE A SQUARE 
FROM A GOLPEN REC¬ 
TANGLE'S ENP, THE 
REMAINING RECTANGLE 
IS GOLPEN I 


P 

<?-p 

P P 

b. IF p = 1, FINP q. (HINT; MAKE 
A QUAPRATJC EQUATION IN q.) 
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10. SOLVE THE “BABYLONIAN PROBLEM" 
PIRELTLY. THAT IS, 6-lVEN ANY TWO 
NUMBERS b AMP C, FINP r AMP S TO 
SATISFY THE EQUATIONS 

r + s = b 
rs*c 



r+ss£> 


STEP 1. START WITH A RKTAN6LE WITH 
SIPES r ANP S AMP AREA rS*C. LET 
ps (w)/2, PULL A STRIP OF LENGTH p 
FROM OWE SIPE AMP PASTE IT ONTO THE 
OTHER TO MAKE A "NOTCHEP SQUARE,® 
STILL WITH AREA C. ITS LONS SrPE IS 
r+p OR S-p. 


STEP 2. NOTE THAT THE MISSIN6 
PIE£E IS A SQUARE OF SIPE p. 

STEP (MOST IMPORTANT') 
SHOW THAT 



STEP 4, iONaUPE THAT 



C + p 


2 


STEP 5, SOLVE FOR p IN 
TERMS OF b ANP C. 


STEP b. FROM STEP 3, FIMP 


r 



ANP 


5 


fr 

2 


- P 


STEP 7. FINALLY, EXPRESS I* ANP 
S IN TERMS OF £> ANP C. LOOK 
FAMLIAR? 



1?, SOLVE THE BABYLONIAN PROBLEM 
PURELY ALSEBRAIiALLY LIKE THIS; 
REPLACE r ANP S WITH TWO NEW 
VARIABLES p ANP q SO THAT 

r=p+q s - p-q 


11- SHOW THAT IF X 2 + bx 4- c IS A SQUARE, 
THEN SO IS cx 2 +bx+1. 

12. FINP THE PlSiRlMlNAMT OF THE EQUATION 
(*+£}* = P 


THEN THE ORIGINAL EQUATIONS BECOME 

tp-b p 1 'q 1 -c 

FROM THESE FINP p ANP q, ANP 
FROM p ANP £f FIMP r ANP 5. 


215 
























Chapter 16 

What’s Next? 


In this book, '/ou’ve acquire? the 

BASIC TOOLS OF ALGEBRA. 




STARTING WITH NUMBERS AN? THEIR 
OPERATIONS, WE INTROPUCEP THE IPEA 
OF A VARIABLE... AMP 
THEN COMBINE? 
VARIABLES ANP NUM¬ 
BERS INTO THE STUFF 
OF OUR STUPY, ALGEBRAfC EXPRESSIONS, 




USING THE RULES OF ARITHMETIC, WE 
LEARNS? HOW TO PUSH EXPRESSIONS 
AROUNP WITHOUT £ HANKINS THEIR VALUE, 



THIS LEP US TO THE SOLUTION OF 
ALGEBRAIC EQUATIONS BY REBALANCING, 
COMBINING TERMS. AN? SO ON. 


WE PREW PICTURES OF EQUATIONS ANP 
SOLVE? PAIRS OF EQUATIONS IN TWO 
VARIABLES. 




NEXT, WE USE? 
VARIABLES IN 
PE NOMINATORS 
TO STUPY PRO¬ 
PORTIONS, RATES, 
ANP AVERAGES. 


FINALLY WE EXPLORE? THE MYSTERIES 
OF SQUARES, SQUARE ROOTS, ANP 
QUAPRATIC EQUATIONS. 
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SO... 



FIRST OF ALL, THERE ARE ALL THE 
USES OF ALGEBRA Ik THE WORLP, 
FROM COMPUTER GRAPHICS TO 
HANPUlWG MONEV 1 TO PESlGW, 
BUILPfNG, ENGINEERING, SIGNAL 
PROCESSING- ON TV, RAPlO, MUSICS 
AMP MAWy OTHER APPLICATIONS. 



THEN THERE ARE ALL THE AREAS OF 
MATH VET TO COME. TO PURSUE 
ALMOST ANY OF THESE, yOU NEEP 
TO BE COMFORTABLE WITH ALGEBRA. 



,*pper 


T*re o/iy 


ffEP&lTfM 


GEOMETRY 


^o?o L 








AND THERE'SaMORE 
ALGEBRA, TOO! 



2te 












f 

FOR OKIE THING-, WE £AN PRAW OUAPRATlC EQUATIONS, JUST AS WE PREW LINEAR ONES. 


■> 



AL&E8RA ALSO STUPlES POtyHQWALS 
OF ANY PES-REE. {A POLYNOMIAL IS A SUM 
OF MANY TERMS OF PIFFERENT PE&REESj 
THERE’S A LOT TO BE LEARNEP FROM 
POLYNOMIALS ANP THEIR GRAPHS' 




J 
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EVEN BINO/MAW—TWO-TERM EXPRESSIONS LIKE a + b-ARE WORTH STUDYING WHEN YOU 
RAISE THEM TO A POWER, LIKE (fl+bA THE COEFFICIENTS MAKE PA$£AL’f BEAUTIFUL 
TRIANGLE, IN WHICH EACH NUMBER IS THE SUM OF THE TWO JUST ABOVE IT, 


1 


r "\ 

LOOKS LIKE 

A CHRISTMAS 
TREE! 



1 t 


t 2 1 


1 3 3 1 


14 6 4 

1 9 10 10 9 


YEP, IT'S LOAPEP 
WITH &OOPIES, 
TOO, ONCE you 
LEARN HOW TO 
UNWRAP ’EM! 


f 6 19 20 19 6 1 

1 7 21 39 39 21 7 1 

t 0 20 96 70 96 20 0 1 

9 36 04 126 126 04 36 9 1 

10 49 120 210 292 210 120 49 10 

99 1 69 330 462 462 330 1 69 99 11 

* # * 

(a+b) 2 = a 2 + 2ab -t- b 2 



(a+b) 9 =• a ? + ?a 2 b + 3ab 2 + b ? 


Cfl+ b) 4 =• a 4 + 4a^b + 6fl 2 b 2 + + b 4 


(a+b) 5 = a 5 + 5a 4 b +- 1C?aV+ I0a 2 t> ? + 5ab 4 4- b f 


V 


ETC, 


J 



PASCAL’S TRIANGLE PLAYS 
A KEY ROLE IN MANY 
AREAS, INCLUPIN6 THE 
LAWS OF PROBABILITY. 


PROBABILITY? I 
INVENTEP THAT! 


PASCAL, 
OF COURSE! 


220 















ALGEBRA ALSO STUPIES 

SEQUENCES, str inss 

OF HUMBERT GENERATE? BY SOME 
RULE. ARITWH£ fACCENT ON "MET”) 
SEQUENCES ARE AAAC?C BY APPIN& THE 
5AME NUMBER A&AlN ANP A6AIN. 

a fl + t a+2b a+36 a+4i>... 

— - —•—- * — —*-—»— 


GEOMETRIC SEQUENCES COME 
FROM REPEATED MULTIPLICATION. 

a, nr, ar 2 t or 3 ) ... 

FOR INSTANCE, WHEN a -1 ANP r=4 


SERIES 


ARE SUMS OF SEQUENCES. 
AL&EBRA PISHES UP NICE FORMULAS FOR THESE. 


'3*2*10.-'&inis MM H 

% 

H®tr i *s 3 *.„*[( ,!5> g ifil 

p=i 

THE SECOWP EQUATION, BY THE WAY, SHOWS 
THAT APPIN6 POWERS OF Z GIVES THE NEXT 
POWER OF 2, LESS 1. 


* * * « 

11 1 

ic e 7 



LINEAR ALGEBRA PLAYS WITH EQUATIONS IN MANY VARIABLES, WHERE NO VARIABLE 
HAS A POWER HIGHER THAN 1. THIS rS THE MATH OF FLAT THINGS IN HIGHER-DIMENSIONAL 
SPACES. ALL COMPUTER GRAPHICS IS BASEP ON LINEAR ALGEBRA. 
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THEN THERE ARE THE POWERFUL BUT HIGHLY ATTRACT SUBJECTS OF HIGHER ALGEBRA, LIKE 
6POUP THEORY AMR FIELD THEORY. YOU GET THE PICTURE... THERE'S A LOT. 



S% NOT 
SURE I’M 
REAP/ FOR 
THIS... 


EVEN AT THE HIGHEST LEVEL, 
THOUGH, IT ALL RESTS OM A 
FOUNDATION OF BASIC ALGEBRA- 
IN OTHER WORDS, THE STUFF YOU 
JUST LEARNED IN THIS BOOK! 


CONGRATULATIONS! 


-THE END- 


222 














LOOJCI 

INGRES 

MORE' 







SOLUTIONS TO SELECTED PROBLEMS 


Chapter 1, p. 12 

1b. 93. 1c. 1.9632, If. 0341 tg, 1.99996164 CALM06T 1, IN OTHER WORP6IJ 
1i. 290 2c. 3.91666666... Id. 0375 If. 0.363636... 

2g. 0.1764 7059 91351941 1764 7090 0239 2941 1764 7090 0239 2941 ... 21 0.49 

3.3.916 0-36 0.1764 7O90 0239 2941 4a. 1~ 4b. 3 4 5. 

5 15 1,000 

6 . 


-i£>! 


ii 

2 


- 3.6 


22 


4.91 


—i—i—i-1—i—i—i—i—i—i—*-'—r - '—:-1—r—i—i—i—i—i—i- r-i —i— -r 

-II -10 -9 -6 -7-6-9-4-3-2-10 1 2 3 4 9 6 


7b. 2 7c. -2 If. { 7b. -lin 


9. THE VALUE 19 2 IF THE NUMBER OF MINU9 4IGN9 14 EVEN, ANP -2 IF THE NUMBER OF 
MINU9 6IGN9 16 OPP. 

Chapter 2, p. 22 

la. -27 Id. -1,1 If. -- Zb, 19 Id. -12 2f, -2 Za. Zl 99 

6 * 40 

4b. NEGATIVE 4c. NEGATIVE 6. HE “HAG" $(-13) 7b. -9-(-3)* -2 7c, 416 

Chapter 3, p. 34 

la. -27 1c. -24 If. { 1b. 2 If. 0 Zb. 5 Zc. 0 

?. THE RECIPROCAL OF 14 -3. 0 HA9 NO RECIPROCAL. 4, 90 

6b. j 4JT9 ABOVE J. 1 


7. 3/2 LIE6 ABOVE 1. 


-1 


0 1 | 


9. 


o I 1 


-2a -a 

2 1 


9. 


i : 2 

■ ■ ■ 


I 1 


2a 


-1 
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Chapter 4, p» 58 

la. 7 \b. 0 Id. 0 )e. 4 If. 1h. j 1j. 50 Zb. -1 Id. 0 

3a. 9 3c. 10a -10 OR 10(a - 1) 4a. 2x + 9 4d. 13x + 9 4f. 5a - 3ab 

5. THE SALE PRICE 1$ 0.09?. 6. THE THIRP AMP FOURTH ROWS, FOR EXAMPLE, ARE 

7. “RAPPITION" IS ASSOCIATIVE (3 X 2) x 4 - 3 x (2 x 4) 

AMP COMMUTATIVE, BUT (4 x 2) x 9 * 4 x [2 x 5) 

MULTIPLICATION POES NOT 
PISTRI8UTE OVER WPlTlON." 

9. ROTATION IS MOT COMMUTATIVE. IF P IS A POINT ON THE EQUATOR, AMP R AMP $ ARE THE 
TWO ROTATIONS SHOWN, THEN P0IN6 THEM IN ONE OR PER SENPS P TO THE NORTH POLE, 
WHILE ROTATING IN THE OPPOSITE ORPER PUTS P SOMEWHERE ELSE ON THE EQUATOR' HERE 
THE ORPER MATTERS. 




IM THIS ORPER, P FIRST SOES 
AROUNP THE EQUATOR, THEM TO 
THE NORTH POLE. 


IN THE OPPOSITE ORPER, P NEVER 
LEAVES THE EQUATOR. 


Chapter 5, p. 70 

lb. x - 3 Id. y - 5 1g. x - If. x = | V. t - ^ In. y - j 
Zb. fP Zc. m 3a. p + .OQp or (1,O0)p 3c. (1 + r)p 4. x * 1/a 

5. EVERy NUMBER SOLVES THIS EQUATION, THANKS TO THE COMMUTATIVE LAW. 


Chapter 6, p. 82 

Z. THE EQUATION IS 3(x + 2) * 10* 

2 f,ir o,' ->*, 0(?H + 3) Q 0(X+3) 

7. THE EQUATION IS 0(x+3) --- =■ 9x +-- 

10 10 

KEVIN MAKES SI2/HR-, JESSE MAKES S19/HR. 

A v 

9. THE EQUATION IS 2x + + 9 = 303, ANP THE FRAME IS 63” *04", 

4 

7<*. 9n 7c. 7 NICKELS ANP 14 PIMES l£?. $990.40 
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Chapter 7, p. 94 

1. **27, y=24 3. x*1, y=4 5, x=-27, y=4 9. tc=-1, u*-2 

Ilia. x=14, y-9 12. 2,000 P0UMP5 OF BA59 AMP 3,000 POUNP5 OF <;op. 

14. CELIA 15 14 ANP JE66E 16 19. 17. x =■ — !— 

2-a 

Chapter 8, p* 114 




3a. y - 3x+5 3d. y - - ~x - g ?£. y - -6x + 19 3g. y = ?x +1? 

4a, (3,4) 1 $ ON THE LINE. (-3,1) 19 NOT. 4<T. (7,-2) LIE6 ON THE LINE. 

WHEN x- -14, y* 19, 50 THE TWO HME5 MEET AT THE POINT (-14,19). 

5a. THE 6IVEN 6RAPH HA6 9 LOPE 4, 90 THE EQUATION 19 y - 2 * 4(x - 1 ) OR y = 4* +■ 6 , 
3c. y - 6,147 - -x + 2.35 OR x + y " 0,497 9. y 2 - yt + mp 


Chapter 9, p. 122 

1c. 2*= 0 Id. 2~ a - (1/16) 1g, ('if - 64 If. 3,125 If. -196 1m. 21 

1 q. --- It 3 tv. 1? 2. (-6) 10(? 19 P09ITJVE. -6 ,c, ° 19 NEGATIVE. 

1 , 000,000 

4a. P 7 4t 6x ?0 4g. -ctx* 4j. a" OR 1/a" 4k. 32x 2 6. 25 ZER0E6 

7d. 1.05 xlO 19 9.4,096 
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Chapter 10, p. 134 

1 a. 12 1c. 21 Id. 216 If. M7 ta. P 1 ^ tc. 4aV(x+l) 

if. u-zfu+tfu+v 2fc. iwo^+iAk’-m 4 


?6. 

3q. 

?e 


abar 

* 2 +b 2 

bx 

at*b* 



6c. 1,617 


7, THEIR LCM MUST BE THEIR PROMPT. THE REASON 
IS THAT THEY CAN 6HARE MO COMMON FACTOR 
OTHER THAH 1. LET’S SEE WHY HOT. 

IMAGINE, FOR INSTANCE, THAT 2 PIVIPES BOTH 
NUMBERS. THEM THEYV BOTH BE EVEN, ANP THEY 
MUST PIFFER BY AT LEAST 2. 


A. r = 


l 

sQ -1 


Ba. 


aHt 1 

b l 


- c 2(x+?)%-(*4-2) 2 -6(x+n 2 
C*+1)(x+2)(x+3) 


IN GENERAL, CALL THE NUMBERS A AWP B, AMP 
ASSUME THAT THEY HAVE SOME COMMON FACTOR 
p>1. THEN Atfnp AMP B^np FOR SOME INTEGERS 
M ANP n. THEIR PIFFERENCE, THEN, IS 

A - E? - mp - np 


= pfa - fO <4— ITSELF A MULTIPLE OF p, 
AMP SO GREATER THAN 1. 


Chapter 11, p. 154 

t. ? GALLONS B. in, OUNCES PER MINUTE OR 1/A PIECE PER MINUTE. B. 2? Ol. 
6b. IF l IS THE PORTION OF LAWN MOWEP IN TIME t, THE EQUATION IS 

i - ±t + _ i) ANP THE WHOLE LAWN (L-\) IS 

522 MOWEP IN AN HOUR ANP A HALF. 

7. t . £i3 

w 


9, SET THE PROBLEM UP LIKE THIS: 
IMAGINE THE TWO POINTS A ANP B 
ARE ON THE NUMBER LINE. WE CAN 
THEN LET ONE OF THEM BE THE ZERO 
POINT, THAT IS A*0. THEN THE TWO 
RUNNERS’ VELOCITIES ARE 


LETTIN6 9 BE POSITION, AS USUAL, THE 
RUNNERS’ RATE EQUATIONS ARE 


Sj 


ect-tj) „ m-t c ) 

“w“ 




Bft 
W sec 


ft 
25 


WHERE tj IS JESSE'S STARTING TIME, AND 
tc IS CELIA’S STARTING TIME. WHEN THEY 
MEET, THESE POSITIONS ARE EQUAL. 


PROBLEM 9 , CONTINUED 
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JF THEy START AT THE SAME TIME, WE TAKE THAT TIME TO BE ZERO, SO THE EQUATION 
Bt Bt 

becomes _ = g —. Cancels, anp the solution is t - 150/11 setups. 

30 25 

_C) 

IF CELIA STARTS 5 SECONPS AFTER JESSE, t. = 5, ANP THE EQUATION IS — » B -— 

50 25 

ANP THE SOLUTION IS t - 100/11 SEC. 

1?. PROBABL/ MOT. 


Chapter 12, p* 168 

la. 12 1c, 1,000,001 -§ 1g. 1 If. IS 2a. 2 2c. 1 2e, A 

2 q. 793 3. MULTIPL/lNS> BV (a+b)(e+dl SIVES fl(e+d) = c(a+b), ANP, AFTER 

EXPANPIN6, THE RESULT FOLLOWS. 5, 4 INCHES FROM THE SUSPENSION POINT ON THE 
SIPE OF THE SMALLER WEI&HT. 7. 40 MI/HR 10. yES, IT IS POSSIBLE! FOR INSTANCE: 


FIRST HALF SECONP HALF OVERALL 


3 FOR 4 * .730 

30 FOR 100 * .300 

33 FOR 104 * .317 

50 FOR 100 * .900 

29 FOR 100 * .290 

79 FOR 200 * .39? 


Chapter 13, p. 180 

. k 2fl. ai> + la + 2b + 6 2c. 6x 2 - 9x 

I- 1 - 1 2ff. x 2 - 14x + 49 2g. 4 - Sx t 

?. 15x17 - (15 + 25(15-2) = 225 - 4 - 221 
46. 1,000 2 - 5 2 - 1,000,075 

__ Ac. 30 2 - 5 2 = 975 4ff. 1 - .0025 - .9975 

^ 56, 2 anp -5 3d. -r anp -s 5g. 1, -5, 5 

66. 0 0, -17.450 

9fl. 4p" + qp z + Aq + q 1 

HERE cr(c + d) IS SHAPEP. v 2 7v 7 

96. — + — + - 9ff. x 2 - x + 1 

2 6 3 4 

9j. « 2 * 2 +■ tarx + r 1 91. x* -1 9n. ** +1 
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Chapter 14, p. 192 


1ft. 5 Irf. 2 - 2 VI If.* 1ft. 5VI y. -2 1/. B + VI+VI + VlI In. ^V? 
2. 3 3. VH * 2 VI, AWp 3 VI - * V*4. 4. VM5K5) * V3 2 -? 2 * 15 



0. \ZlIx2? s4x5s 20, 50 16x25 * 10 2 * 400 


12ft. V? 12c, -2-VI J2tf. 


VI + VI 

fl + 6 


13ft. X 2 + 2 VI + fl 14, ONLY OWE SCOT, VI 

16, a 2 <a BECAUSE a 2 IS ff TIMES A POSITIVE NUMBER LESS 
THAN 1, NAMELY a ITSELF. d< VI IS JUST ANOTHER WAY OF 
SAYING- THE SAME THINS. 

10, MULTIPLY NUMERATOR AN? PE NOMINATOR BY c-d'Jn ANP 
COLLECT TERMS. THE RESULT CAN BE EXPRESSEP AS 


ac-bdn be - ad 


BOTH THE FIRST TERM ANP 
THE COEFFICIENT OF VI 
ARE RATIONAL, BECAUSE 
SUMS, PROPUCTS, ANP 
QUOTIENTS OF RATIONAL 
NUMBERS ARE RATIONAL. 


Chapter 15, p. 214 

la. (x *?)(x + 1) 1c, (x-6)(x + 4) If. (x + 16)(x- 14) 2ft. x = -2 anp x - -13 

2d. x = 5 ANp x = -1 3ft. x 2 - 6x + 9 3d. x 2 + 9x + — 3s. x 2 - Asfii + 20 

4 

4ft, 0. THE EXPRESSION IS TWICE THE SQUARE x J + 4x + 4. Ad. -44. NO REAL ROOTS 
Aq. -67f, NO REAL ROOTS 5fr, ROOTS ARE 4 ANP 3. 5c, \ ± ^Vlo? 

7. IT CAN'T BE A ROOT, BECAUSE IF IT WERE, 73 - 54 = 19 WOULP BE A ROOT ALSO, BUT 
19x54*1.027. 9a. START BY BREAKING- OUT THE FRACTION (q-p)/p TO SET 

9 J P = i , i THEN SUBSTITUTE (p+<?)/p FOR q/p ("THE ORIGINAL ASSUMPTION) 
p " p ANP WORK OUT THE ALGEBRA. 

11. THEY HAVE THE SAME PISCRIMINANT. 12. AQ 

13. START WITH r * P + <? FROM ft = r + s = 2p ANP WORK 

THE EQUATIONS s - p - q WHICH: c - rs - p 2 ~ q 2 FROM THERE' 
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INDEX 


A 

a t AS VARIABLE, 115 

absolute VALUE 

DEFINED, 10-19 
SYMBOL FOR, 10 
VARIABLE FOR. 47 
APDlTrQN 

ADDING NEGATIVE NUMBERS, 13, 17. 20 
COUNTING* n 
PpfiNCP: 13 

PARENTHESES AS GROUPING SYMBOLS, 14-15 
AS AH OPERATION, 35 

with. positive numbers, 13, 13-19 

PROBLEMS, 22 

ALGEBRA. SEFAASO ADDITION; ALGEBRAIC 
EXPRESSIONS! AVERAGES* DIVISION* 

equations; graphs; multiplication! number 

LINES; POWERS: QUADRATIC EQUATIONS; 

RATESi- RATIONAL EXPRESSIONS; SQUARE 
ROOTSi SQUARES; SUBTRACTION; VARIABLES; 
WORD PROBLEMS 
ADVANCED CONCEPTS, 219-M2 
BASIC TOOLS. OVERVIEW, 217 
CAREERS IN, 210 
DEFINED. 1 -2 
EQUATIONS, PEFrNEP, 2-3 
ALGEBRAIC EXPRESSIONS, 35-50 
ASSOCIATIVE LAV/. 49-53 
COMMUTATIVE LAW/, 40, 50^53 
DEFINED, 3-4, 35-40, 59 
DISTRIBUTIVE LAW, 54-57 
EVALUATING, 43 
PARENTHESES IN, 37-30 
PROBLEMS, 52-57 
USING VARIABLES IN, 44-47 
VARIABLES. DEFINED, 40-42 
ALL-PURPOSE RATE EQUATION 
DEFINED, 140-142 
GRAPH I MG , 143 
AREA, 42 

ARITHMETIC SEQUENCES, 221 
ASSETS, 20 

ASSOCIATIVE LAW, 49-53 
AVERAGE, 155-1*0 

FIN PING AVERAGE PERCENTAGE, 133^137 
formula for, m-m 

NEEP FOR, 155-157 
PROBLEMS, 130 

WEIGHTED AVERAGE, 150-134, 135-133 

B 

k AS VARIABLE, 115 
BALANCED EQUATIONS 
PEFINEP, 32-33 
BY MOVING TERMS, 30-39 
BATTrNG AVERAGES, FINDING. 135-133 
BHASMARA, 20 
BINOMIALS, 220 


CENTER OF GRAVITY, 130 
CHANGE, OF RATE. 139, 140-143 
CHECKING, OF EQUATIONS, 37 
COMMON DENOMINATOR, FINDING, 123-120 
COMMON FACTORS, 124 
COMMUTATIVE LAW, 40, 50-53 
COMPETING CLAIMS. SEE ALfO WORP PROBLEMS 
DEBT EXAMPLE, 00-01 
PEFINEP, 73-77 
SHRINKAGE FACTOR, 70-79 
COMPOSITE NUMBERS, 134 
CONSTANT TERMS, 33, 174 
COUNTING, 5, 13 
CUBES, 117 
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DEFINED. 20 

WORD PROBLEM EXAMPLE. 00-01 
DENOMINATORS 

COMMON FACTORS. 124 
DEFINED, 31 

FINDING COMMON DENOMINATOR, 123-120 
FINDING LEAST COMMON MULTIPLE CLOU, WHEN 
WHOLE NUMBERS ARE FACTORS IN DENOMINATORS, 
132-133 

POWERS IN, T20 
RADICALS AND, 100 
DESCARTES, DENC, 95-93 
DIFFERENCE, 13 
DISCRIMINANT, 210 
DISTANCE, 170 
DISTRIBUTIVE LAW, 54-57 
DIVISION. 29-34. S£E Ai$Q MULTIPLICATION 
DEFINED, 29 

DIVIDING BY FRACTIONS. 31-32 
NEGATIVE FRACTIONS ANP RECIPROCALS, 33 
AS AN OPERATION, 35 
PROBLEMS. 34 
RECIPROCAL NUMBERS, 30 
REMAINDER, 10 
SYMBOLS FOR, 29 
DOUBLE ROOT, 210-2H 

G 

ELIMINATION, 07, 09, 91-92 r 93 
EQUAL, DEFINED, 2 

EQUATIONS, 59-70- SEE AL$Q QUADRATIC EQUATIONS 
BALANCING. 32-33 

BALANONG, BY MOVING TERMS, 3S-39 

CHECKING, 37 

CONSTANT TERMS lN f 33 

DEFINED, 2-3, 59-30 

DRAWING C SEE GRAPHS; 

FRACTIONAL TERMS iM, 33 
NEGATIVE COEFFICIENTS AND, 33 
PROBLEMS, 70 
SOLVrNG, 30-31, 34-35 
VARIABLE TERMS IN, 33 
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eyaluation/evaluating an expression. 30, 43 
expansion, m 

EXPONENTS, SGf ALSO POWERS 
PEFlNEP, 11* 

UWS OF EXPONENTS, 119 
ZERO AS EXPONENT, lit 


FACTORS 

multiplication anp, 2* 

SQUARE FACTORS* 10* 

FlELP THEORY 222 

TINP y TWICE* MET MOP, 07, 90, 9* 

FRACTIONS, SEE ALSO RATIONAL EXPRESSIONS 
PENOMfNATOR, PEFlNEP, 31 ($££ ALSO 
DENOMINATORS) 
dividing by, 31-32 
FRACTIONAL TERMS rN EQUATIONS, AS 
IMPROPER, 12 
MULTIPLICATION, 27 

NEGATIVE FRACTIONS AMP RECIPROCALS. 33 
NUMBER LrWES FOR, G-7 
NUMERATOR, PEFlNEP, 31 
POWERS IN DENOMINATORS* 120 
RATIOS, IT 

& 

GEOMETRIC SEQUENCES, 241 
GRAPHS, 9MM 

PEFlNEP. 90-99 
DESCARTES AND, 95-9* 

PIFFERENCE QUOTIENT 302 
HORIZONTAL ANP VERTICAL LINES ON, 110 
INTERSECTION OF, 107 
LINEAR EQUATIONS AS, 107 
NEGATIVE SLOPE, 101 
ORIGIN, 9* 

PARALLEL UNES ON. 100-109 

PERPENDICULAR UNES ON, 111-113 

POJNT, PEFlNEP, 90 

POINT-SLOPE FORM, 105 

POLYNOMIALS, 219 

PROBLEMS. 114 

QUADRATIC EQUATIONS, 219 

SLOPE, 100-101 

SLOPE ANP INTERCEPT, 102-103 

SLOPE-INTERCEPT FORM, 103-104 

TWO POINTS ON, 10* 

k-AXIS, 97 

y-AXlS, 97 

GREATER NUMBERS, ON NUMBER LINES, 12 
GREATER THAN, Ah 
GROUPING SYMBOLS, 14-15 
GROUP THEORY, 222 

H 

HEIGHT, FlNPrNG AVERAGE OF, 150-159, 1*4 
HORIZONTAL UNES, IN GRAPHS, 1 10 

I 

IMAGINARY NUMBERS. 212-213 
IMPROPER FRACTIONS, 12 
INFINITE, 1T0 
INTEGERS, 11 
INTERCEPT 

PEFlNEP, 102-103 
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SLOPE-rNTERCEPT FORM, 103-104 
(/-INTERCEPT, 102 
INTERSECTION, 307 
INVERSE, 31 

IRRATIONAL NUMBERS, 11 
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L 

LAWS OF COMBrNATrON, AL5Q ALGEBRAIC EXPRESSIONS 
ASSOCIATIVE LAW, 49-53 
COMMUTATIVE LAW, 40, 50-53 
DISTRIBUTIVE LAW, 54-57 
LAWS OF EXPONENTS, 119 
LEAPING COEFFICIENT, 177 
LEAST COMMON MULTIPLE CUM) 

PEFlNEP, 120-131 

FIN PING, WHEN WHOLE NUMBERS ARE FACTORS 
IN DENOMINATORS. 132-133 
LESS THAN, 46 
LINEAR ALGEBRA, 221 
LINEAR COEFFICIENT, 173 
LINEAR EQUATIONS, 107 

M 

MEASUREMENT, NUMBER UNES FOR, 5-12 

MIXED NUMBERS, 12 

MONEY 

ADDING NEGATIVE NUMBERS FOR, 20 
DEBT ANP, 20, 00-01 
MULTIPLICATION ANp, 24-25 
NEGATIVE NUMBERS ANP, 0 
rfi (SLOPE), 102 
MULTIPLE VARIABLES, 03-94 

ELIMINATION FOR, 07, @9, 91-92, 93 

EXAMPLES OF, 03'05 

"FIND y TWICE" METHOD FOR, 07, 90, 93 

PROBLEMS, 94 

SOLVING FOR. 05-3* 

SUBSTITUTION FOR, @7, 00, 93 
MULTIPLICATION, 23-34 
PEFlNEP, 23 
OF FRACTIONS, 27 
MONEY, 24-25 

“MULTIPLICATION BEFORE ADDITION" RULE, 30 

NEGATIVE NUMBERS, 23, U 

"PERFORMING AN OPERATION," 35 

POSITIVE NUMBERS, 2G 

PROBLEMS, 34 

PRODUCT, 27 

SCALING ANP, 20 

SYMBOLS FOR, 15 

table, viii 

N 

natural NUMBERS. 5 
NEGATIVE COEFFICIENTS, 66 
NEGATIVE FRACTIONS, 33 
NEGATIVE NUMBERS 
ADDING, 13, 17, 20 
CUBES AS. 117 
MULTIPLICATION, 23, 2C 
NUMBER LINES FOR, 0-9 
SUBTRACTING, 13, 21 
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NEGATIVE RATE, 139 
NEGATIVE RECIPROCAL, 111 
NEGATIVE SLOPE, *CM 
NUMBER UNES. 5-12 

FOR AWING ANP SUBTRACTING POSITIVE NUMBER, 
TA-T9 

counting with, 5-4 

PEFINEP, 9-10 
FRACTIONS ANP, 4-7 
FOR MEASUREMENT, 5-12 
MULTIPLICATION AMP SCALING, 2@ 

NATURAL NUMBERS. 5 
NEGATIVE NUMBERS AMP, 7 
PROBLEMS FOR, 12 
NUMERATORS 

common Factors, 124 
PEFfNEP, 31 

NUMERICAL EXPRESSION, 35-3G. SEE AASO ALGEBRAIC 
EXPRESSIONS 
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qrper of, 30, 110 

H PERFQRMl,NG AN OPERATION,” 35 ($££ AL5Q 
AWffiON:, DIVISION MULTIPLICATION^ 

subtraction; 

ORIGIN, 9b 


PARALLEL LIMES, 100-109 
PARENTHESES 

rM ALGEBRAIC EXPRESSIONS, 37-30 
EXPONENTIATION ANP ABSENCE OF 
PARENTHESES, 119 
AS GROUPING SYMBOLS, M-15 
“MULTIPLICATION BEFORE APPITION" RULE, 30 
PASCAL, BLAISE, 220 
PATTERNS, REPEATEP, 10 
PERCENTAGE, AVERAGE. IAS-1ST 
■PERFORMING AN OPERATION,' 35, Sljf ALiO APPlTlONi 
PI VISION^ MULTIPLICATION; SUBTRACTION 
PERIMETER, 42 

PERPENDICULAR LIMES, IN-113 
POINTS, ALIO GRAPHS 
PEFINEP, 90 

POINT-SLOPE FORM, 105 
TWO POrNTS ON GRAPHS, 104 
POLYNOMIALS, 219 
POSITIVE NUMBERS 

APPITJON ANP SUBTRACTION WITH, 13, IS-19 
MULTIPLICATION, 24 
NEGATIVE OF NEGATIVE, 9 
POWERS. 115-122 

TN PENOMlNATORS, 120 
EXPONENTS, PEFfNEP, US 
LAWS OF EXPONENTS, 1t9 
POWER, DEFINED,, US 

“POWERS BEFORE MULTIPLICATIONS" RULE, 110 
PROBLEMS, 122 
SQUARES AND CUBES. 117 
ZERO AS EXPONENT, 121 
PRIME NUMBERS, 134 
PROBABILITY, 220 
PRODUCT, PEFiNEP, 27 


PROPUCTS OF SUMS, 109-190 
PROPORTION 

PEFINEP, 152 
EXAMPLE, 193 

PROPORTIONALITY CONSTANT, 152 
PROPORTIONAL SCALING, 152 

Pythagoras, no 

Q 

QUAPRATlC EQUATIONS, 149-T0O, 193-214 
COEFFICIENTS IN, 193 

COMPLETING THE SQUARE FOR, 201-204, 205 

CONSTANT TERMS IN, 174 

PEFINEP, 171-173 

PISCRIMIMANT IN, 210 

DOUBLE ROOT IN, 210-211 

GRAPHrNG, 219 

IMAGINARY NUMBERS ANP, 212-213 
MENTAL ARITHMETIC TRlCN FOR, 175 
PATTERNS IN, 174 

POSITIVE AMP NEGATIVE NUMBERS IN, 194, 201 
PROBLEMS, 100, 214-215 
QUADRATIC, PEFiNEP, 1S9-172 
QUADRATIC FORMULAS, 204-209 
ROOTS OF AN EXPRESSION, 174-179 
SIGNS USED i*i, 197 
SOLVING BY FACTORING, 194-190 
SQUARE, PEFINEP, 149 
SQUARE , TABLE, 175 
SQUARE ROOTS IN, 199-201 
QUOTIENTS, 107 

I? 

RADICALS, SQUARE ROOTS ANP, 100 
RAPICAL SIGN. 101 
RATES, 135-154 

ALL-PURPOSE RATE EQUATION, 140-142 

ALL-PURPOSE RATE EQUATION, GRAPHING, 143 

COMBINING, 140-149 

PEFINEP, 13G 

EXAMPLES Of, 130 

GRAPHING, 139 

NEGATIVE RATE, 139 

PROBLEMS, 154 

PROPORTION ANP, 152-153 

SLOPE AS, 139 

SPEED ANP VELOCITY, 144-140 
VARIABLES IN, 137 
WRITING AN EQUATION FOR. 137 
WRITING AS FRACTIONS, 150-151 
RATIO, It 

RATIONAL EXPRESSIONS. 123-134 
AWING, 125 
PEFINEP, 123 
DIVIDING* 124 

FINPING COMMON PENOMfNATOR, 124-120 
FINPING LEAST COMMON MULTIPLE UCW, 120-131 
FINDING LEAST COMMON MULTIPLE (LOU WHEN 
WHOLE NUMBERS ARE FACTORS IN PENOMINATORS, 
132-133 

MULTIPLYING, 124 
PROBLEMS, 134 
RATIONAL NUMBERS, 11 
REAL NUMBERS, 11 
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reciprocal numbers 

PCFIMCP. 30 

NEGATIVE FRACTIONS ANP, 33 
REMAIN PER, 10 

ROOTS OF AM. EXPRESSION, 176-179 

5 

SCALING 

PEFINEP, 20 

PROPORTIONAL SCALING, 192 
SEQUENCES, 221 
SERIES, 221 

SHRINKAGE FACTOR. 70-79 
SLOPE, SEE ALSO GRAPHS 
PEFINEP, 100- 10t 
AS rN FINITE, HO 
INTERCEPT AMP, 102-103 
NEGATIVE SLOPE, 101 
PARALLEL LIMES AMP, 100-109 
PERPEN PICUL AR LINES AMP 11M13 
POJNT j SLOP£ FORM, 105 
SLOPE-INTERCEPT FORM, 103-104 
SOLUTION 

HFTNGP, AO'S 1 

SOLVING EQUATIONS, STEP BV STEP, 64-69 
SPEEP 

PEFINEP, 144-145 
VELOCITY AMP, MS-140 
SQUARE FACTORS, 106 
square ROOTS, fel-192 
APRlNG, 104 
PEFINEP, 179 
EXPRESSING, 101 
GRAPHING, 102 

IMAGINAR7 NUMBERS, 212-213 
IRRATIONAL NUMBERS ANP, 102 
MULTIPLYING, IBS 
OVERVIEW, 191 

POSITIVE AMP NEGATIVE NUMBERS IN, 103 
PROBLEMS. 191 

PRODUCTS OF SUMS, 109-190 
QUADRATIC EQUATIONS AMP, 199-201 
QUOTIENTS OF, 107 
RAFlCALS ANP PENOMlNATQRS, 100 
RADICAL SIGH USEP FOR, 101 
WITH SQUARE FACTORS, 106 
TABLE OF, IBB 

SQUARES, 117, SEE ALSO QUAPRATlC EQUATIONS-, 
SQUARE ROOTS 

COMPLETING THE SQUARE, 201-204, 205 
PEFINEP, 1S9 

SQUARING A LINEAR EXPRESSION, 174 
TABLE OF, 17S 
SUBSTITUTION, 07. 00, 93 
SUBTRACTION- SEE ALSO APPITlON 
PEFINEP, IB, 21 
PlFFERENCE, IS 
AS AN OPERATION, 35 
SUBTRACTING ANP ABSOLUTE VALUE, 19 
SUBTRACTING NEGATIVE NUMBERS, 13, 10, 21 
SUBTRACTING POSITIVE NUMBERS, 16 
SUMMANPS. 125 
SYMBOLS 

ABSOLUTE VALUE (\\\ 10 
PI VISION (/), 29 
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GREATER THAN O) 

GREATER THAN OR EQUAL TO (£), A6 
LESS THAN (<) f 46 
LESS THAN OR EQUAL TO f £ ), 46 
MULTIPLICATION CO, IS 
PARENTHESES 0, FOR GROUPING, 

1-4— T5 

RAPICAL SIGN (\Tl 101 


TABLES 

MULTIPLICATION, vffi 
QUAFRATIC EQUATION SIGNS, 197 
SQUARE ROOTS, 103 
SQUARES. 17S 

TERMINATION OF PECIMAL EXPANSION, 10 
TIME 

NEGATIVE NUMBERS ANP, 0 
TIME LIMES, 24 
TRIANGLES, 220 

V 

VARIABLES. SEE ALSO ALGEBRAIC EXPRESSIONS 
PEFINEP, 40-42 
EVALUATING AN EXPRESSION, 43 
MULTIPLE, 03-94 

MULTIPLYING, US (SEE ALSO POWERS} 

REAL, IIS 

SINGLE LETTERS AS REPRESENTATION OF, 41, 
44-49 

SOLVING FOR UNKNOWN, IN WORP PROBLEMS, 
72-73, 74-79 

VARIABLE TERMS IN EQUATIONS, 
x AS, 43 
VELOCITY 

PEFINEP, 149-140 
SPEEP ANP. 144-149 
VERTICAL LINES, IN GRAPHS, HO 

w 

WElGHTEP AVERAGE 
PEFINEP, 141 

EXAMPLES, 140-164, 165-166 
WORP PROBLEMS, 71-02 

COMPETING CLAIMS AMP, 76-B3 
PEFINEP, 71 
PROBLEMS, 02 

SOLVING FOR UNKNOWN, 72-73, 74-79 
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y-AXlS, 97 
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